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Abstract: We perform lattice studies of meson mass spectra and decay constants of the
Sp(4) gauge theory in the quenched approximation. We consider two species of (Dirac)
fermions as matter field content, transforming in the 2-index antisymmetric and the funda-
mental representation of the gauge group, respectively. All matter fields are formulated as
Wilson fermions. We extrapolate to the continuum and massless limits, and compare to each
other the results obtained for the two species of mesons. In the case of two fundamental and
three antisymmetric fermions, the long-distance dynamics is relevant for composite Higgs
models. This is the first lattice study of this class of theories. The global SU(4) × SU(6)
symmetry is broken to the Sp(4) × SO(6) subgroup, and the condensates align with the
explicit mass terms present in the lattice formulation of the theory.
The main results of our quenched calculations are that, with fermions in the 2-index
antisymmetric representation of the group, the masses squared and decay constant squared
of all the mesons we considered are larger than the corresponding quantities for the fun-
damental representation, by factors that vary between ∼ 1.2 and ∼ 2.7. We also present
technical results that will be useful for future lattice investigations of dynamical simulations,
of composite chimera baryons, and of the approach to large-N in the Sp(2N) theories con-
sidered. We briefly discuss their high-temperature behaviour, where symmetry restoration
and enhancement are expected.
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1 Introduction
In composite Higgs Models (CHM) [1–3], the Higgs fields, responsible for electro-weak
symmetry breaking (EWSB), arise as pseudo-Nambu-Goldstone bosons (pNGBs) in a more
fundamental theory, hence addressing the little hierarchy problem of generic extensions of
the Standard Model (SM) of particle physics. In comparison to the other SM fermions,
the top quark has a large mass, making it heavier than the W , the Z, and even than the
recently discovered Higgs boson [4, 5]. It is then natural to complete the CHM scenario
by postulating that also the top quark has composite nature, at least partially, at the
fundamental level. The additional model-building dimension added to this framework by
(partial) top compositeness yields a richness of potential implications that has been explored
in the literature on the subject in a range of possible directions, and motivates us to study
its dynamical origin with non-perturbative techniques. The literature on composite Higgs
models is indeed vast (see for instance Refs. [6–40]), especially in connection with dynamical
theories characterised by the SU(4)/Sp(4) coset (see for instance Refs. [41–61]).
In Ref. [62] (see also Refs. [63, 64] and the more recent Refs. [65, 66] and [67, 68]), some
of us proposed a systematic programme of exploration of the lattice dynamics of Sp(2N)
gauge theories. Our main scientific motivation is the application of the results of such
studies to the CHM context. In order to realise also top compositeness, it is necessary to
implement on the lattice matter fields with mixed representations. For example, the model
discussed in Refs. [12, 43] requires that the matter content consists of Nf = 2 Dirac fields
transforming in the fundamental representation of Sp(2N), supplemented by nf = 3 Dirac
fields transforming in the antisymmetric representation of Sp(2N). This dynamical system
is expected to yield the spontaneous breaking of the SU(4) × SU(6) global symmetry to
its Sp(4) × SO(6) subgroup. The introduction of diagonal mass terms for the fermions is
compatible (aligned) with the vacuum structure, and provides a degenerate non-vanishing
mass for the resulting 5 + 20 pNGBs. The lattice treatment of such a system with multiple
dynamical fermion representations is a novel arena for lattice gauge theories, and only
recently have calculations of this type been published, in the specific context of theories
with SU(4) gauge group [21, 27, 29, 33, 38].
In this paper, we take a first step in this direction for Sp(2N) gauge theories. We
consider the Sp(4) gauge theory, and treat the two species of fermions in the quenched
approximation; only the gluon dynamics is captured by the lattice numerical study, but the
operators used to compute the relevant correlation functions involve both types of matter
fields. We compute the mass spectra and decay constants of the mesons built both with
fundamental and antisymmetric fermions, and perform their continuum extrapolation. We
compare the properties of mesonic observables obtained with the two representations, which
is important for CHM phenomenology.
We treat the relevant degrees of freedom with a low-energy effective field theory (EFT)
that we employ to analyse the numerical data extrapolated to the continuum limit. The
EFT proposed in Ref. [62] for the theory with SU(4)/Sp(4) coset is based on the ideas
of hidden local symmetry, adapted from Refs. [69–73] (and [74–77]), and supplemented by
some simplifying working assumptions. Here we return to the EFT to improve it, and to
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generalise it to the case of the SU(6)/SO(6) coset.
The paper is organised as follows. In Sec. 2, we define the Sp(4) theory with field
content we are interested in, by writing both the Lagrangian density of the microscopic
continuum theory as well as its low-energy EFT description. We devote Sec. 3 to describing
the lattice action we adopt, the Monte Carlo algorithm we employ, and other important
aspects of the lattice study we perform, such as scale setting and topology. In Sec. 4 we
present our results for the calculation of the masses and the (renormalised) decay constants
of the lightest mesons in the quenched approximation. We compare the results for quenched
fundamental and antisymmetric fermions. We also discuss in Sec. 5 a first attempt at
matching the results to the low-energy EFT description applicable to pseudoscalar (PS),
vector (V) and axial-vector (AV) states. We conclude by summarising and discussing our
main findings, and by outlining future avenues for investigation in Section 6.
The presentation is complemented by a rather generous set of Appendixes, intended
to be of use also beyond the specific aims of this paper, for the research programme we
are carrying out as a whole. We expose some details and conventions in the treatment of
spinors in Appendix A, and some technical points about the treatment of massive spin-1
particles in Appendix B. Technical points about the embedding of the SM gauge group in
the context of CHMs are highlighted in Appendix C. Appendix D contains some numerical
tests of the topological charge history and of its effect on spectral observables, in the illus-
trative case of a numerical ensemble that has a fine lattice spacing. In Appendix E, besides
briefly summarising some properties of QCD light flavoured mesons, we discuss general
symmetry properties of the mesons in theories with symmetric cosets, that are important
for spectroscopy. We also touch upon possible high-temperature symmetry restoration and
enhancement in Appendix E.1. We explicitly write the operators relevant as sources of all
the mesons in Appendix F, and in Appendix F.1 we specify the sources of PS, V and AV
mesons in the SU(4)/Sp(4) case, by adopting a specific choice of SU(4) generators and
normalisations.
2 The model
In this section, we describe the specific model of interest, borrowing ideas from Refs. [12, 43],
and we describe the basic properties of the long-distance EFT description(s) we use later.
2.1 Continuum microscopic theory
The Sp(4) gauge theory we started to study in Ref. [62] has matter content consisting of
two Dirac fermions Qi a, where a = 1 , · · · , 4 is the colour index and i = 1, 2 the flavour
index, or equivalently four 2-component spinors qj a with j = 1 , · · · , 4. Following [12, 43],
we supplement it by three Dirac fermions Ψi ab transforming in the antisymmetric 2-index
representation of Sp(4), or equivalently by six 2-component spinors ψj ab, with j = 1 , · · · , 6.
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Fields Sp(4) SU(4) SU(6)
Vµ 10 1 1
q 4 4 1
ψ 5 1 6
Σ6 1 6 1
M6 1 6¯ ∼ 6 1
Σ21 1 1 21
M21 1 1 21
Table 1. Field content of the microscopic theory (Vµ, q, ψ) and of the low-energy EFT describing
the pNGBs (Σ6,21, M6,21). Sp(4) is the gauge group, while SU(4) and SU(6) are the global
symmetries. The elementary fields Vµ are gauge bosons, while q and ψ are 2-component spinors.
Σ6 and Σ21 are composite scalar fields. They capture the long-distance dynamics of operators that
are bilinear in q and ψ, the VEVs of which are responsible for the breaking SU(4) → Sp(4) and
SU(6) → SO(6), respectively. The mass matrices M6 and M21 are treated as scalar spurions,
formally transforming as ∼ 6¯ ∼ 6 of SU(4), and ∼ 21 of SU(6), respectively.
The field content is summarised in Table 1. The Lagrangian density is
L = −1
2
TrVµνV
µν +
1
2
(
iQiaγ
µ
(
DµQ
i
)a − iDµQiaγµQi a) − MQiaQi a +
+
1
2
(
iΨkabγ
µ
(
DµΨ
k
)ab − iDµΨkabγµΨk ab) − mΨkabΨk ab . (2.1)
The covariant derivatives are defined by making use of the transformation properties under
the action of an element U of the Sp(4) gauge group—Q→ UQ and Ψ→ UΨUT—so that
Vµν ≡ ∂µVν − ∂νVµ + ig [Vµ , Vν ] , (2.2)
DµQ
i = ∂µQ
i + igVµQ
i , (2.3)
DµΨ
j = ∂µΨ
j + igVµΨ
j + igΨjV Tµ , (2.4)
where g is the gauge coupling.
The Lagrangian density possesses a global SU(4) symmetry acting on the fundamental
fermions Q and a global SU(6) acting on the antisymmetric-representation fermions Ψ.
The mass terms break them to the Sp(4) and SO(6) subgroups, respectively. The unbroken
subgroups consist of the transformations that leave invariant the symplectic matrix Ω and
the symmetric matrix ω, respectively, that are defined by
Ω = Ωjk = Ω
jk ≡

0 0 1 0
0 0 0 1
−1 0 0 0
0 −1 0 0
 , ω = ωjk = ωjk ≡

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

. (2.5)
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By rewriting explicitly the fermion contributions to the Lagrangian density in 2-component
notation as follows (see Appendix A for the list of conventions about spinors)
Qi a =
(
qi a
Ωab(−C˜qi+2 ∗)b
)
, Ψi ab =
(
ψi ab
ΩacΩbd(−C˜ψi+3 ∗)cd
)
, (2.6)
the global symmetries become manifest:
L = −1
2
TrVµνV
µν +
1
2
(
i(qj)†aσ¯
µ
(
Dµq
j
)a − i(Dµqj)†aσ¯µqj a) +
− 1
2
MΩjk
(
qj a TΩabC˜q
k b − (qj)†aΩabC˜(qk ∗)b
)
+
+
1
2
(
i(ψk)†abσ¯
µ
(
Dµψ
k
)ab − i(Dµψk)†abσ¯µψk ab) +
− 1
2
mωjk
(
ψj abTΩacΩbdC˜ψ
k cd − (ψj)†abΩacΩbdC˜ψk ∗)cd
)
. (2.7)
Of the 15 generators TA of the global SU(4), and 35 generators tB of SU(6), we denote
with A = 1 , · · · , 5 and with B = 1 , · · · , 20 the broken ones, which obey
ΩTA − TATΩ = 0 , ωtB − tBTω = 0 , (2.8)
while the unbroken generators with A = 6 , · · · , 15 and with B = 21 , · · · , 35 satisfy
ΩTA + TATΩ = 0 , ωtB + tBTω = 0 . (2.9)
As described in Appendix C, the Higgs potential in the SM has a global symmetry
with group SU(2)L × SU(2)R ∼ SO(4), which in the present case is a subgroup of the
unbroken global Sp(4). The SU(3)c gauge group characterising QCD is a subgroup of the
unbroken global SO(6). And finally the generator Y of the hypercharge U(1)Y group is a
linear combination of one of the generator of SU(2)R and of the generator of the additional
U(1)X unbroken subgroup of SO(6) that commutes with SU(3)c.
2.2 The pNGB fields.
At low energies, the gauge theory with Sp(4) group is best described by an EFT that
contains only the fields corresponding to the pNGBs parametrising the SU(4)×SU(6)Sp(4)×SO(6) coset.
We define the fields Σ6 and Σ21 in terms of the transformation properties of the operators
that are responsible for spontaneous symmetry breaking, hence identifying
Σ nm6 ∼ ΩabqnaTC˜qmb , (2.10)
Σ nm21 ∼ −ΩabΩcdψnacTC˜ψmbd . (2.11)
Σ6 transforms as the antisymmetric representation of SU(4), and Σ21 as the symmetric
representation of SU(6). We parameterise them in terms of fields pi6 and pi21 as
Σ6 ≡ e
2ipi6
f6 Ω = Ωe
2ipiT6
f6 , Σ21 ≡ e
2ipi21
f21 ω = ωe
2ipiT21
f21 , (2.12)
– 5 –
where pi6 ≡ piA6 TA with A = 1 , · · · , 5 and pi21 ≡ piB21tB with B = 1 , · · · , 20 are hermitian
matrix-valued fields, and the generators TA are normalised by the relation TrTATB =
1
2δ
AB = Tr tAtB. The decay constants of the pNGBs are denoted by f6 and f21, and the
normalisation conventions we adopt corresponds to those in which the decay constant in
the chiral Lagrangian of QCD is fpi ' 93 MeV.
In order to identify the operators to be included in the Lagrangian density describing the
mass-deformed theory, one treats the (diagonal) mass matrices as (non-dynamical) spurions
M6 ≡M Ω and M21 ≡ −mω (see Table 1). The Vacuum Expectation Value (VEV) of the
operators Σi yields the symmetry breaking pattern SU(4)×SU(6)→ Sp(4)×SO(6), aligned
with the explicit breaking terms controlled by M6 and M21, and hence in the vacuum of
the theory we have 〈pii〉 = 0.
At the leading order in both the derivative expansion and the expansion in small masses,
the Lagrangian densities of the EFT describing the dynamics of the pNGBs of both the
SU(4)/Sp(4) and SU(6)/SO(6) cosets are given by
Li = f
2
i
4
Tr
{
∂µΣi(∂
µΣi)
†
}
− v
3
i
4
Tr
{
MiΣi
}
+ h.c. (2.13)
= Tr
{
∂µpii∂
µpii
}
+
1
3f2i
Tr
{
[∂µpii , pii] [∂
µpii , pii]
}
+ · · · +
+
1
2
miv
3
i Tr (ΣiΣ
†
i ) −
miv
3
i
f2i
Trpi2i +
miv
3
i
3f4i
Trpi4i + · · · , (2.14)
for i = 6, 21, and with m6 = M and m21 = m.1 The condensates are parameterised by v6
and v21, which have dimension of a mass. In the SU(4)/Sp(4) case Tr Σ6Σ
†
6 = 4, and in
the SU(6)/SO(6) case Tr Σ21Σ
†
21 = 6.
In order to describe the coupling to the Standard Model, one chooses appropriate
embeddings for the relevant SU(2)L×SU(2)R and SU(3)c×U(1)X groups, and promote the
ordinary derivatives to covariant derivatives. By doing so, the irreducible representations
of the unbroken Sp(4) × SO(6) can be decomposed in representations of the SM groups
(see Appendix C).
Starting from the SU(4)/Sp(4) coset, the 5 pNGBs transform as the fundamental
representation of SO(5) ∼ Sp(4). Because SO(4) ∼ SU(2)L×SU(2)R is a natural subgroup
of SO(5), one finds the decomposition 5 = 1 + 4, and hence 4 of the pNGBs are identified
with the SM Higgs doublet, while the one additional degree of freedom is a real singlet of
SU(2)L × SU(2)R. In the conventions of [50, 62], the latter is denoted by pi3—or pi36 if
one needs to avoid ambiguity with the set of pNGBs from the SU(6)/SO(6) coset (see also
Appendix C.1).
A similar exercise can be performed for the SU(6)/SO(6) coset. By remembering that
SO(6) ∼ SU(4), the 20 pNGBs transform as the 20′ irreducible representation of this
1In order to make the expansion for the SU(6)/SO(6) formally identical to the SU(4)/Sp(4) case, we
chose opposite signs in the definition of the mass matrices and condensing operators. The origin for this
technical annoyance is the fact that Ω2 = −14, while ω2 = 16. We also note that one has to exercise caution
with the trace of the identity matrix, which may introduce numerical factors that differ in the expansions
when traces are taken in products that do not include the group generators.
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Figure 1. The moose diagrams representing the low-energy EFT descriptions. On the left SU(4)6A
is gauged, while SU(4)6B is a global symmetry (including the SU(2)L × SU(2)R), and the combi-
nation of the non-trivial VEVs of S6 and Σ6 breaks the symmetry to Sp(4), giving mass to all the
vector mesons and leaving a set of 5 light pions. On the right, the same principles are applied to
SU(6)21B × SU(6)21A, and to its breaking to the SO(6) subgroup.
SU(4) (the only self-conjugate among the three representations of SU(4) that have 20 real
elements). 2 The decomposition of SU(4) in its maximal SU(3)c×U(1)X subgroup dictates
that 20′ = 8 + 6C (see also Appendix C.1).
2.3 EFT: Hidden Local Symmetry
This subsection is devoted to the treatment of spin-1 composite states. All irreducible
representations coming from the SU(4)/Sp(4) theory can be decomposed following the
same principles illustrated by the pNGBs, into representations of the groups relevant to
SM physics. For example the 10 of SO(5) decomposes as 10 = 4 + 6 of SO(4), so that
the composite vector mesons V of the SU(4)/Sp(4) theory (corresponding to the ρ mesons
of QCD) decompose into a complex doublet and a complex triplet of SU(2)L × SU(2)R.
The axial vectors AV (corresponding to the a1 mesons in QCD) transform with the same
internal quantum numbers as the pNGBs, and hence give rise to a complex doublet and a
real singlet. In the SU(6)/SO(6) coset, the composite vector mesons V transform as the 15
of SO(6) ∼ SU(4), which decomposes as 15 = 1 + 3C + 8 of SU(3)c, and the axial-vector
mesons AV transform as the 20′ of SO(6), which decomposes as 20′ = 8 + 6C of SU(3)C .
We study a reformulation of the low-energy Effective Field Theory (EFT) description
of the model, that is intended to capture also the behaviour of the lightest vector and
axial-vector states, in addition to the pNGBs (as in the chiral Lagrangian). It is based on
Hidden Local Symmetry (HLS) [69–73] (see also [74–77]), and illustrated by the diagram in
Fig. 1. There are well known limitations to the applicability of this type of EFT treatment,
which we will discuss in due time.
We consider the two moose diagrams as completely independent from one another. We
follow closely the notation of Ref. [62] in describing the SU(4)/Sp(4) coset, except for the
fact that we include only single-trace operators in the Lagrangian density. Because the
breaking is due to the condensate of the operator transforming in the 6 of SU(4), we label
2In the rest of the paper, we will always denote this representation as 20′, for the purpose of avoiding
confusion with the representations of the unrelated broken global SU(4).
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all the fields of relevance to the low-energy EFT with a subscript, as in S6. The scalar
fields S6 transform as a bifundamental of SU(4)6B × SU(4)6A, while Σ6 transform as the
antisymmetric representations of SU(4)6A. Hence the transformation rules are as follows:
S6 → U6BS6U †6A , Σ6 → U6AΣ6UT6A , (2.15)
where U6A and U6B are group elements of SU(4)6A and SU(4)6B, respectively.
The EFT is built by imposing the non-linear constraints Σ6 Σ
†
6 = 14 = S6 S
†
6, which
are solved by parameterising S6 = e
2iσ6
F and Σ6 = e
2ipi6
f Ω = Ωe
2ipiT6
f . M6 = MΩ is a
constant matrix, introducing explicit symmetry breaking. One can think of it as a spurion
in the antisymmetric representation of SU(4)6B, so that as a field it would transform
according to M∗6 → U6BM∗6UT6B. The 15 real Nambu-Goldstone fields σ6 = σA6 TA and 5
real pi6 = piA6 TA are in part gauged into providing the longitudinal components for the 15
gauge bosons of SU(4)6A, so that only 5 linear combinations remain in the spectrum as
physical pseudoscalars. One then uses Σi and its derivatives, as well as Mi, to build all
possible operators allowed by the symmetries, organises them as an expansion in derivatives
(momenta p2) and explicit mass terms (M), and writes a Lagrangian density that includes
all such operators up to a given order in the expansion. We also restrict attention to
operators that can be written as single traces, as anticipated.
Truncated at the next-to-leading order, the Lagrangian density takes the following
form, which we borrow from Ref. [62]3:
L6 = −1
2
Tr AµνA
µν − κ
2
Tr
{
AµνΣ(A
µν)TΣ∗
}
+
+
f2
4
Tr
{
DµΣ (D
µΣ)†
}
+
F 2
4
Tr
{
DµS (D
µS)†
}
+
+b
f2
4
Tr
{
Dµ(SΣ) (D
µ(SΣ))†
}
+ c
f2
4
Tr
{
Dµ(SΣS
T)
(
Dµ(SΣST)
)†}
+
−v
3
8
Tr
{
M S ΣST
}
+ h.c.+ (2.16)
−v1
4
Tr
{
M (DµS) Σ (D
µS)T
}
− v2
4
Tr
{
M S (DµΣ) (D
µS)T
}
+ h.c. +
−y3
8
Tr
{
AµνΣ
[
(Aµν)TSTMS − STMSAµν]} + h.c.+
−y4
8
Tr
{
AµνΣ
[
(Aµν)TSTMS + STMSAµν
]}
+ h.c. +
+
v25
32
Tr
{
MSΣSTMSΣST
}
+ h.c. .
We omitted, for notational simplicity, the subscript "6" on all fields and all the parame-
ters. We should stress that we made some simplifications, and omitted some operators,
3The very last term of the Lagrangian density differs from Ref. [62], as we rewrite the subleading
correction to the pion mass in terms of a single-trace operator. The equations giving the masses and decay
constants are independent of the dimensionality of the matrices used. We notice also an inconsequential
typo in Eq. (2.16) of [62], in which the last term should have a + sign rather than a − sign, in order to be
consistent with Eqs. (2.30) and (2.31) of [62] itself.
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as discussed in [62]. The covariant derivatives introduce the parameter gV, controlling the
coupling of the spin-1 states. They can be written as follows,
DµS = ∂µS − iSgVAµ, (2.17)
and
DµΣ = ∂µΣ + i
[
(gVAµ)Σ + Σ(gVAµ)
T
]
. (2.18)
The analogue of Eq. (2.16) in the SU(6)/SO(6) case is obtained in the same way. The
only changes are the replacement of Σ6 by Σ21, that now depends on 20 pii21 fields, of S6
by S21, that depends on 35 σi21 fields, of M6 by M21 ≡ −mω, and of AA6µ by the 35 vector
bosons AA21µ of SU(6)21A. Finally, one must also require the change of sign κ21 ↔ −κ6 in
the second term of the Lagrangian, for the same reason explained in Footnote 1.
With the conventions outlined above, masses and decay constants are given by the same
relations as in Ref. [62], both for the mesons sourced by fundamental and antisymmetric
fermion bilinears:
M2V =
1
4(1 + κ+my3)
gV
2
(
bf2 + F 2 + 2mv1
)
, (2.19)
M2AV =
1
4(1− κ−my4)gV
2
(
bf2 + F 2 + 2mv1
)
+ (2.20)
+
g2V
1− κ−my4
(
f2 +m(v2 − v1)
)
,
f2V =
1
2
(
bf2 + F 2 + 2mv1
)
, (2.21)
f2AV =
(
bf2 − F 2 + 2m(v1 − v2)
)2
2 ((b+ 4)f2 + F 2 − 2mv1 + 4mv2) , (2.22)
f20 = F
2 + (b+ 2c)f2 . (2.23)
The pNGB decay constants obey the following relation:4
f2PS = f
2
0 − f2V − f2AV . (2.24)
It was observed in Ref. [62] that f20 = f2PS + f
2
V + f
2
AV is independent of m as the accidental
consequence of the truncations, and of the omission of some operators. It was also shown
that some of the couplings parameterise the violation of the saturation of the Weinberg
sum rules, when truncated at this level—retaining only the lightest excitations sourced by
the V and AV operators, rather than the whole infinite tower of states.
In both the SU(4)/Sp(4) as well as SU(6)/Sp(6) cosets, truncated at this level the
Lagrangian implies that the mass of the pions satisfies a generalised GMOR relation, which
reads as follows:
m2PSf
2
PS = m
(
v3 + mv25
)
, (2.25)
4In Ref. [62] we denoted the decay constant of the PS mesons as fpi(0), to explicitly highlight that this
is not the constant that naturally appears in the pipi → pipi scattering amplitude.
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Ensemble β Nt ×N3s 〈P 〉 w0/a
QB1 7.62 48× 243 0.60192 1.448(3)
QB2 7.7 60× 483 0.608795 1.6070(19)
QB3 7.85 60× 483 0.620381 1.944(3)
QB4 8.0 60× 483 0.630740 2.3149(12)
QB5 8.2 60× 483 0.643228 2.8812(21)
Table 2. List of ensembles used for quenched calculations. For each ensemble, we report the
bare coupling β, the lattice size Nt × N3s , the average plaquette 〈P 〉 and the gradient flow scale
w0/a = 1/aˆ.
which implies a dependence of the condensate on m. We notice the presence of the constant
gV, which enters the gVPP coupling between V and two PS states, and has an important
role in controlling the EFT expansion.
3 Lattice Model
The lattice action and its numerical treatment via Monte Carlo methods are the main topics
of this section. Most of the material covered here is based upon well established processes,
and we discussed its application to our programme elsewhere [62, 67], hence we summarise
it briefly, mostly for the purpose of defining the notation and language we adopt later in
the paper.
3.1 Lattice definitions
In the numerical (lattice) studies, we should adopt a discretised four-dimensional Euclidean-
space version of Eq. (2.1). But as we perform our numerical work in the quenched approxi-
mation, we only need the pure gauge part of the Lagrangian density, as in pioneering studies
of Sp(2N) Yang-Mills theories in Ref. [78]. We employ the standard Wilson action
Sg ≡ β
∑
x
∑
µ<ν
(
1− 1
4
Re TrPµν(x)
)
, (3.1)
where β = 8/g2 is the bare lattice coupling and the trace is over colour indices. The
elementary plaquette Pµν is a path-ordered product of (fundamental) link variables Uµ(x),
the group elements of Sp(4), and reads as follows:
Pµν(x) ≡ Uµ(x)Uν(x+ µˆ)U †µ(x+ νˆ)U †ν (x). (3.2)
Given the action in Eq. (3.1), we generate the gauge configurations by implementing a
heat bath (HB) algorithm with micro-canonical over-relaxation updates. Technical details,
including the modified Cabbibo-Marinari procedure [79] and the resymplectisation process
we adopted, can be found in Refs. [62, 65]. The HiRep code [80], appropriately adapted to
the requirements of this project, is used for the numerical calculations.
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Q0 σ τexp
QB1 0.29(92) 11.43(94) 1.35(21)
QB2 1.6(2.3) 30.2(2.3) 2.95(24)
QB3 2.5(2.3) 25.4(2.3) 7.73(12)
QB4 −2.2(1.1) 14.7(1.1) 15.79(65)
QB5 −4.12(46) 4.81(46) 34.1(1.7)
Table 3. Fitted parameters from topological charge histories; see also Fig. 2. The autocorrelation
time τexp is expressed in units of consecutive configurations.
The pure Sp(4) Yang-Mills lattice theory at any values of β can in principle be con-
nected smoothly to the continuum, as no evidence of bulk transitions has been found [78].
In this study, we work in the regime with β > 7.5. In a previous publication [62], some
of us used two values of the coupling (β = 7.62 and β = 8.0), and performed preliminary
studies of the meson spectrum with fermions in the fundamental representation, in the
quenched limit. In order to carry out the continuum extrapolation, here we extend those
studies by including three additional values of the bare lattice coupling, β = 7.7, 7.85, 8.2.
The four-dimensional Euclidean lattice has size Nt×N3s , with Nt and Ns the temporal and
spatial extents, respectively. We impose periodic boundary conditions in all directions for
the gauge fields. While for the ensemble at β = 7.62 we reuse the configurations gener-
ated on a 48 × 243 lattice already employed in the quenched calculations in Ref. [62], for
all the other values of the coupling we generate new configurations with 60 × 483 lattice
points. For each lattice coupling we generate 200 gauge configurations, separated by 12
trajectories5 between adjacent configurations. To ensure thermalisation, we discard the
first 600 trajectories. In Table 2 we summarise the ensembles. In addition to the ensemble
name, the lattice coupling and the lattice size, we also present two measured quantities:
the average plaquette 〈P 〉 and the gradient flow scale w0/a in lattice units. The former is
defined by 〈P 〉 ≡ Re∑x∑µ<ν TrPµν(x)/(24 × Nt × N3s ), while the latter will be defined
and discussed in the next subsection. The statistical uncertainties are estimated by using
a standard bootstrapping technique for resampling, which will also be applied to the rest
of this work.
3.2 Scale setting and topology
In numerical lattice calculations, all dimensional quantities can be written in terms of the
lattice spacing a, for example by defining a dimensionless mass as mlatt = ma. But in
taking the continuum limit, the lattice spacing vanishes, a→ 0. Hence, in order to connect
the lattice observables to continuum ones, we have to set a common physical scale that
allows the comparison. We adopt as our scale-setting method Lüscher’s gradient flow (GF)
5 Conventionally, for Heat Bath simulations like those used in this work, a full update of the lattice link
variables is called a sweep rather than a trajectory. However, to match the terminology of our dynamical
simulations [62–64, 67, 68], we use the term trajectory for a full lattice gauge field update also in the present
context.
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Figure 2. Topological charge histories (left panels), and histograms (right panels), for the five
ensembles QB1–QB5, listed from top to bottom. Fitted parameters are given in Table 3. In the
plots we show Q evaluated only on the configurations used in the data analysis.
scheme, using the definition of Wilson flow in Ref. [81] (see also Refs. [82–84]). This method
is particularly suitable for the purpose of this work, since it relies on theoretically defined
quantities that do not require direct experimental input.
The scale setting procedure with the GF scheme in Sp(4) theories has been first dis-
cussed in Ref. [62], both for the pure Yang-Mills and for the theory with two fundamental
Dirac fermions (see also [63, 67]). We follow the same procedure throughout this work:
we define the flow scale w0 by W|t=w20 = W0 [85], where W(t) is the derivative of the
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action density built from gauge fields at non-zero fictitious flow time t. The reference value
W0 = 0.35 has been chosen to minimise both discretisation and finite volume effects [62]
(though with the caveats discussed in Refs. [86–88]). We also choose a four-plaquette clover
for the definition of the field-strength tensors [81]. The resulting values of the flow scale in
lattice units w0/a are shown in Table 2.
We measure the history of the topological charge Q to monitor the possible emer-
gence of topological freezing, which might affect spectral measurements [89, 90] (see also
Refs. [91, 92]). Since Q ≡ ∑x 132pi2 µνρσTr {Uµν(x)Uρσ(x)} is dominated by ultra-violet
(UV) fluctuations when calculated directly on the configurations in ensembles QB1–5, con-
figurations that have been smoothed by the gradient flow are instead used. Q is measured
at the point in the flow such that the smoothing radius
√
8t = L/2.
In Fig. 2 we present the histories and histograms of Q along the Markov chain for
all ensembles in Table 2, the latter of which is fitted with the gaussian fit form n(Q) ∝
exp
(
− (Q−Q0)2
2σ2
)
. In Table 3 we present the results of this fit, and the exponential auto-
correlation time τexp calculated via a fit to the autocorrelation function of Q. In the five
ensembles, there is no clear evidence of a freeze-out of the topology; the histograms clearly
show sampling from multiple topological sectors, and the distributions are peaked within
1σ of Q = 0.
However, as we move to finer lattice spacing, we observe that the autocorrelation time
of the topological charge grows significantly; in the case of QB5, this has grown to around 34
configurations. In this case specifically Q0 = −4.12 is also marginal compared to σ = 4.81.
This effect may be due to the fact that a change of the discrete global quantity Q by local
updates becomes disfavoured in the approach to the continuum limit.
To verify that this increasing τexp and marginal Q0 does not affect the spectroscopic
results we obtain from these ensembles, we generate an additional ensemble QB5 of 2400
trajectories starting from the last configuration in QB5. We repeated the measurements of
meson masses and decay constants, and of the topological charge history, on 200 configu-
rations sampled from QB5. While the value of Q0 differs between the two ensembles, the
meson masses and decay constants do not show significant deviations (beyond the statis-
tical fluctuations). We report these tests in detail in Appendix D. This suggests that any
systematic effect associated with the long autocorrelation time of the topological charge
and the marginal Q0 on the spectroscopy is comfortably smaller than the statistical error
for the ensembles and observables we study, and we use ensembles QB1–5 for the remainder
of the analysis.
4 Of quenched mesons
In this section, we present the main numerical results of our study. We start by defining the
mesonic 2-point correlation functions that are computed numerically, and the observables
we extract from them, namely the meson masses and decay constants. We provide some
technical details about the otherwise standard procedure we follow, in order to clarify how
different representations of the gauge group are implemented. Perturbative renormalisation
of the decay constants is summarised towards the end of Sec. 4.1. We perform continuum
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Label Interpolating operator Meson JP Sp(4) SO(6)
M OM in QCD
PS Qiγ5Qj pi 0− 5(+1) 1
S QiQj a0 0+ 5(+1) 1
V QiγµQj ρ 1− 10 1
T Qiγ0γµQj ρ 1− 10(+5 + 1) 1
AV Qiγ5γµQj a1 1+ 5(+1) 1
AT Qiγ5γ0γµQj b1 1+ 10(+5 + 1) 1
ps Ψkγ5Ψm pi 0− 1 20′(+1)
s ΨkΨm a0 0+ 1 20′(+1)
v ΨkγµΨm ρ 1− 1 15
t Ψkγ0γµΨm ρ 1− 1 15(+20′ + 1)
av Ψkγ5γµΨm a1 1+ 1 20′(+1)
at Ψkγ5γ0γµΨm b1 1+ 1 15(+20′ + 1)
Table 4. Interpolating operators OM built of Dirac fermions on the fundamental Qi a and
antisymmetric Ψk ab. We show explicitly the flavour indices i, j = 1 , 2 and k,m = 1 , 2 , 3, while
colour and spinor indices are implicit and summed over. We also show the JP quantum numbers, the
corresponding QCD mesons sourced by the analogous operator, and the irreducible representation of
the unbroken global Sp(4)×SO(6) spanned by the meson (see also [44]). We indicate in parenthesis
other non-trivial representations that are obtained with the same operator structure, but that we
do not study in this paper as they source heavier states. The singlets (1 of both Sp(4) and SO(6))
are ignored, as we choose to analyse only the operators with i 6= j or k 6= m. More details about
the symmetries can be found in Appendix E, and the details of a specific choice of basis for the
global SU(4) are presetned in Appendix F.
extrapolations with the use of Wilson chiral perturbation theory (WχPT) in Sec. 4.2. We
devote Secs. 4.3 and 4.4 to present the numerical results for the mesons made of fermions
transforming in the fundamental and 2-index antisymmetric representations, respectively,
and conclude with a comparison of the two representations in Sec. 4.5. For practical rea-
sons, in this section we specify our results to the theory with Nf = 2 fermions on the
fundamental representation and nf = 3 on the antisymmetric, though the results of the
quenched calculations apply for generic Nf and nf .
4.1 Correlation functions
We extract masses and decay constants of the lightest flavoured spin-0 and spin-1 mesons
from the corresponding Euclidean 2-point correlation functions of operators OM involving
Dirac fermions Q transforming in the fundamental and Ψ in the 2-index antisymmetric
representation, as listed in Table 4. In the table, colour and spin indices are implicitly
summed over, while the flavour indices i 6= j (k 6= m) are chosen. The operators of the
form QiΓMQj are gauge invariant and they source the meson statesM . Spin and parity JP
are determined by the choice of ΓM . The operators built with Γ = γ5, γµ, γ5γµ, with µ =1,
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2, 3, correspond to the pseudoscalar (PS), vector (V), and axial-vectors (AV) mesons,
respectively. They appeared in the EFT discussion in Section 2.3. For all of them, we
measure both the masses and the decay constants of the particles that they source. For
completeness, we also calculate the correlation functions built with Γ = 14, γ0γµ, γ5γ0γµ,
which refer to scalar (S), (antisymmetric) tensor (T), and axial tensor (AT), but we extract
only the masses of the lightest states sourced by these operators. The operators ΨkΓMΨm
are defined and classified in the same way, except that we denote them with lower-case
letters as ps, v, av, s, t, and at. In Table 4, we also show the irreducible representation
of the unbroken global symmetry Sp(4) × SO(6), as well as the corresponding mesons in
QCD, to provide intuitive guidance to the Reader. We also recall that because of the
(pseudo-)real nature of the representations we use, there is no difference between meson
and diquark operators. More details about the classification of the mesons and the relation
between 4-component and 2-component spinors can be found in Appendix E and F.
The two-point correlation functions at positive Euclidean time t and vanishing momen-
tum −→p can be written as
CM,M ′(t) ≡
∑
~x
〈0|OM (~x, t)O†M ′(~0, 0)|0〉. (4.1)
We extract physical observables from these objects. In most of our calculations we setM =
M ′, with the exception of the extraction of the pseudoscalar decay constant, which involves
both OPS and OAV ( Ops and Oav in the case of fermions Ψ). The standard procedure
requires rewriting C(t) in terms of fermion propagators Saα bβ(x) ≡ 〈Qaα(x)Q bβ(0)〉 (and
analogous expressions for the propagators involving Ψ), to yield
CM,M ′(t) = −
∑
~x
Tr
[
ΓMS(x)ΓM ′γ5S
†(x)γ5
]
, (4.2)
where the trace is over both spinor indices α, β and gauge indices a, b.
In the simplest case of a point source, the fermion propagator DR (R labelling the
fermion representation) is calculated by solving the Dirac equation
DRaα,bβ(x, y)S
bβ
cγ(y) = δx,0δαγδac. (4.3)
In order to improve the signal, in our numerical studies throughout this work we use the
Z2×Z2 single time slice stochastic wall sources [93] with three different sources considered
individually for each configuration, instead of the point sources, on the right-hand side of
Eq. (4.3).
In all the spectroscopic measurements using quenched ensembles, we use the (unim-
proved) Wilson action for the fermions. The corresponding massive Wilson-Dirac operator
in the fundamental representation DF is defined by its action on the fermions Q, that takes
the form
DFQ(x) ≡ (4/a+m0)Q(x)− 1
2a
∑
µ
{
(1− γµ)Uµ(x)Q(x+ µˆ) +
+(1 + γµ)Uµ(x− µˆ)Q(x− µˆ)
}
, (4.4)
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where Uµ(x) are the link variables in the fundamental representation of Sp(4), a is the
lattice spacing, and µˆ is the unit vector in the space-like direction µ.
In order to construct the Dirac operator DAS for fermion fields Ψab in the 2-index
antisymmetric representation, we follow the prescription in [80]. For Sp(2N), we define
an orthonormal basis e(ab)AS (with the multi-index (ab) running over ordered pairs with 1 ≤
a < b ≤ 2N) for the appropriate vector space of 2N × 2N antisymmetric matrices. The
N(2N − 1)− 1 such matrices have the following non-vanishing entries. For b = N + a and
2 ≤ a ≤ N
(e
(ab)
AS )c,N+c ≡ −(e(ab)AS )N+c,c ≡

1√
2 a (a−1) , for c < a,
−(a−1)√
2 a (a−1) , for c = a,
(4.5)
and for b 6= N + a
(e
(ab)
AS )cd ≡
1√
2
(δacδbd − δbcδad) . (4.6)
The main difference compared to the case of SU(N) is that the base eAS is Ω-traceless,
satisfying Ωdc
(
e
(ab)
AS
)
cd
= 0. In the Sp(4) case, one can verify that the resulting 5 non-
vanishing matrices satisfy the orthonormalisation condition Tr e(ab)AS e
(cd)
AS = −δ(ab)(cd), while
the matrix e(13)AS vanishes identically. The explicit form of the antisymmetric link variables
UASµ (x) descends from the fundamental link variables Uµ(x), as(
UASµ
)
(ab)(cd)
(x) ≡ Tr
[
(e
(ab)
AS )
†Uµ(x)e
(cd)
AS U
T
µ (x)
]
, with a < b, c < d. (4.7)
Finally, the Dirac operator for the 2-index antisymmetric representation DAS is obtained
by replacing (Uµ)ab by (UASµ )(ab)(cd) and Q by Ψ in Eq. (4.4).
Masses and decay constants for the mesons are extracted from the asymptotic behaviour
of CM,M ′(t) at large Euclidean time. We assume it to be dominated by a single mesonic
state. If M = M ′, for all meson interpolating operators we can write:
CM,M (t)
t→∞−−−→ |〈0|OM |M〉|
2
2mM
[
e−mM t + e−mM (T−t)
]
, (4.8)
where T is the temporal extent of the lattice. In our conventions, the meson states |M〉
are normalised by writing M = MATA, with TA the generators of the global SU(2Nf )
or SU(2nf ) symmetry. The value of the pseudoscalar decay constant in QCD in these
conventions would be fPS = fpi ' 93 MeV. We also consider the correlator defined with
M = PS and M ′ = AV, for which the large-time behaviour is given by
CPS,AV(t)
t→∞−−−→ 〈0|OAV|PS〉〈0|OPS|PS〉
∗
2mPS
[
e−mPSt − e−mPS(T−t)
]
, (4.9)
having restricted attention to the components of the AV operator with index µ = 1, 2, 3.
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We parameterise the vacuum-to-meson matrix elements for fundamental fermions in
such a way that the decay constants fM obey the following relations:
〈0|OAV|PS〉 = 〈0|Q1γ5γµQ2|PS〉 ≡ fPS pµ,
〈0|OV|V〉 = 〈0|Q1γµQ2|V〉 ≡ fV mV µ,
〈0|OAV|AV〉 = 〈0|Q1γ5γµQ2|AV〉 ≡ fAV mAV µ, (4.10)
where the polarisation vector µ is transverse to the momentum pµ and normalised by
∗µµ = 1. (For operators constituted by antisymmetric fermions we replace the fields Q
by Ψ.) For spin-1 V and AV mesons we extract both masses and decay constants from
Eqs. (4.8) and (4.10). In the case of the pseudoscalar meson, we determine the masses and
decay constants by combining Eqs. (4.8) with M = PS, Eq. (4.9) and Eq. (4.10).
The matrix elements at finite lattice spacing a have to be renormalised. For Wilson
fermions, the axial and vector currents receive multiplicative (finite) renormalisation. The
renormalisation factors ZA and ZV are defined by the relations
fPS = ZAf
bare
PS , fV = ZVf
bare
V , fAV = ZAf
bare
AV , (4.11)
In this work we determine the renormalisation factors via one-loop perturbative matching,
and for Wilson fermions the relevant matching coefficients are written as [94]
ZA(V) = 1 + C(R)(∆Σ1 + ∆Γ)
g˜2
16pi2
, (4.12)
where Γ = γ5γµ for ZA and Γ = γµ for ZV. The eigenvalues of the quadratic Casimir
operators with fermions in the fundamental and antisymmetric representations of Sp(4)
are C(F ) = 5/4 and C(AS) = 2, respectively. The matching factors in Eq. (4.12) are
computed by one-loop integrals within the continuum MS (modified minimal subtraction)
regulalisation scheme. The resulting numerical values are ∆Σ1 = −12.82, ∆γµ = −7.75 and
∆γ5γµ = −3.0 [62, 94]. Following the prescription in Ref. [95], in order to improve the con-
vergence of perturbative expansion we replace the bare coupling g by the tadpole improved
coupling defined as g˜2 = g2/〈P 〉. 〈P 〉 is the average plaquette value, and this procedure
removes large tadpole-induced additive renormalisation arising with Wilson fermions.
4.2 Continuum extrapolation
Extrapolations to the continuum limit are carried out following the same procedure as in
Ref. [67]. We borrow the ideas of tree-level Wilson chiral perturbation theory (WχPT),
which we truncate at the next-to-leading order (NLO) in the double expansion in fermion
mass and lattice spacing [96, 97] (see also Ref. [98], as well as [99, 100], though written
in the context of improvement). Tree-level results for the full theory can be extended to
(partially) quenched calculations, since quenching effects only arise from integrals in fermion
loops [97]. But we cannot a priori determine the range of validity of tree-level WχPT at
NLO. On the one hand, if we were too close to the chiral limit, we would need to include
loop integrals (the well-known chiral logs). On the other hand, if we were in the heavy mass
regime, then we would need to include more higher order terms. As we will discuss later,
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Measurement am0
PS V AV S
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
QB1FM1 -0.7 14-24 1.2 13-24 1.1 9-13 0.1 9-15 0.6
QB1FM2 -0.73 14-24 1.3 13-24 1.2 9-16 0.2 9-16 0.8
QB1FM3 -0.75 14-24 1.3 13-24 1.3 9-15 0.3 9-15 1.1
QB1FM4 -0.77 14-24 1.0 12-24 1.8 8-11 0.2 8-10 0.3
QB1FM5 -0.78 14-24 1.0 12-24 1.5 8-12 0.3 8-10 0.03
QB1FM6 -0.79 14-24 0.7 12-24 1.9 8-11 0.7
QB2FM1 -0.73 15-30 0.9 15-30 0.5 11-15 1.6 10-12 0.2
QB2FM2 -0.75 15-30 0.9 15-30 0.6 11-15 1.4 9-11 0.4
QB2FM3 -0.76 15-30 1.0 15-30 0.6 11-14 0.8
QB3FM1 -0.6 22-30 0.6 19-30 0.7 13-26 0.9 13-28 0.9
QB3FM2 -0.65 20-30 0.5 19-30 0.5 13-22 0.3 13-22 1.5
QB3FM3 -0.68 22-30 0.9 21-30 0.7 15-22 0.8 14-22 0.8
QB3FM4 -0.7 20-30 0.7 19-30 0.7 13-20 0.2 10-14 0.6
QB3FM5 -0.71 18-30 1.1 20-30 0.6 11-15 0.8 10-13 0.6
QB3FM6 -0.72 18-30 0.9 17-30 0.9 11-15 0.3
QB3FM7 -0.73 17-30 1.0 19-30 0.6 11-15 1.0
QB4FM1 -0.6 22-30 2.2 22-30 1.7 15-23 0.8 16-25 0.6
QB4FM2 -0.625 22-30 1.7 22-30 1.6 15-23 0.6 16-22 0.4
QB4FM3 -0.64 22-30 1.5 22-30 1.1 15-23 0.7 15-22 0.6
QB4FM4 -0.65 22-29 1.1 22-30 0.5 15-25 0.2 15-22 0.6
QB4FM5 -0.66 22-29 1.3 20-30 0.6 15-24 0.2 15-22 0.6
QB4FM6 -0.67 22-28 1.0 20-30 0.5 15-24 0.3 15-22 0.7
QB4FM7 -0.68 19-28 0.8 20-29 0.6 15-22 0.3 13-18 0.2
QB4FM8 -0.69 19-28 0.7 20-29 1.0
QB5FM1 -0.62 23-30 1.0 24-30 0.5 17-24 0.1 15-23 0.8
QB5FM2 -0.64 21-30 0.6 21-30 0.6 15-24 0.3 14-22 1.4
QB5FM3 -0.646 21-30 0.7 21-30 0.6 17-24 0.7
Table 5. Technical details about PS, V, AS, and S lattice correlation functions. For each ensemble
and each choice of bare mass am0, we show the fitting intervals of the Euclidean time Ifit = [ti, tf ]
between the minimum time ti and maximum time tf retained in the single-exponential fit to the
measured correlators of mesons made of fundamental Dirac fermions. We carry out a correlated fit
via standard χ2-minimisation. We report the values of χ2 (normalised by the number of degrees of
freedom) at the minima. In the case of AV and S states, we leave blank some entries for which the
numerical data do not exhibit a plateau in the effective mass plots, because of numerical noise.
most our data sit somewhere in between these two extrema, and as a consequence we can
empirically find appropriate ranges of fermion mass over which tree-level NLO WχPT well
describes the numerical data.
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Measurement
T AT
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
QB1FM1 13-24 0.5 9-13 0.7
QB1FM2 12-24 0.5 9-13 0.2
QB1FM3 12-24 0.7 8-13 0.1
QB1FM4 12-24 1.1 8-13 0.1
QB1FM5 12-24 0.9 8-12 0.6
QB1FM6 12-24 1.2 8-12 0.4
QB2FM1 15-30 1.0 11-17 0.8
QB2FM2 15-28 1.4 11-16 1.4
QB2FM3 12-29 1.6 9-16 1.0
QB3FM1 20-29 0.5 13-26 0.9
QB3FM2 20-29 0.4 13-21 1.2
QB3FM3 19-30 1.0 13-22 0.4
QB3FM4 19-30 0.4 13-18 0.6
QB3FM5 19-30 1.5 14-18 0.9
QB3FM6 17-30 0.6 11-16 0.8
QB3FM7 13-26 1.1
QB4FM1 20-30 1.1 15-26 0.8
QB4FM2 20-30 1.1 15-22 0.3
QB4FM3 20-28 1.1 15-20 0.1
QB4FM4 22-30 0.9 14-19 0.3
QB4FM5 20-30 0.7 13-19 0.4
QB4FM6 22-30 0.5 13-19 0.6
QB4FM7 22-30 0.4 13-18 0.4
QB4FM8 17-30 0.6
QB5FM1 24-30 0.6 15-23 0.6
QB5FM2 20-27 0.6 15-22 0.3
QB5FM3 20-30 0.4 17-24 0.9
Table 6. Technical details about T and AT lattice correlation functions. For each ensemble and
each choice of bare mass am0, we show the fitting intervals of the Euclidean time Ifit = [ti, tf ]
between the minimum time ti and maximum time tf retained in the single-exponential fit to the
measured correlators of mesons made of fundamental Dirac fermions. We carry out a correlated fit
via standard χ2-minimisation. We report the values of χ2 (normalised by the number of degrees
of freedom) at the minima. In the case of the AT state, we leave blank some entries for which the
numerical data did not exhibit a plateau in the effective mass plots, because of numerical noise.
We apply the scale-setting procedure discussed in Section 3.2, and define the lattice
spacing in units of the gradient-flow scale as aˆ ≡ a/w0. All other dimensional quantities are
treated accordingly, so that masses are rescaled as in mˆM ≡ w0mM and decay constants as
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in fˆM = w0fM . Tree-level NLO WχPT assumes that the decay constant squared fˆ
2,NLO
PS is
linearly dependent on both mˆ2PS and aˆ. We extend this assumption to all other observables
as well, hence defining the ansatz
fˆ2,NLOM ≡ fˆ2,χM
(
1 + L0f,Mmˆ
2
PS
)
+W 0f,M aˆ , (4.13)
mˆ2,NLOM ≡ mˆ2,χM
(
1 + L0m,Mmˆ
2
PS
)
+W 0m,M aˆ , (4.14)
for decay constants squared and masses squared, respectively. We note that the fermion
mass mf appearing in the standard WχPT has been replaced by the pseudoscalar mass
squared by using LO χPT results, according to which mˆ2PS = 2Bmf . The low-energy con-
stant B could in principle be determined via a dedicated study of the fermion mass, but this
would go beyond our current aims. The empirical prescription we adopt requires to identify
the largest possible region of lattice data showing evidence of the linear behaviour described
above, and then fit the data in order to identify the additive contribution proportional to
aˆ. Extrapolation to the continuum is obtained by subtracting this contribution from the
lattice measurements.
4.3 Quenched spectrum: fundamental fermions
Reference [62] reported the quenched spectrum of the lightest PS, V, and AV flavoured
mesons for two values of the lattice coupling, β = 7.62 and 8.0, with fermions in the
fundamental representation. In this section, we extend the exploration of the quenched
theory in several directions. First, we consider three more values of the coupling, β = 7.7,
7.85, and 8.2, as mentioned in Section 3.1, aiming to perform continuum extrapolations,
along the lines described in Sec. 4.2. Second, in order to remove potential finite-volume
effects, we restrict the bare fermion massm0 to ensembles that satisfy the conditionmPSL ≥
7.5, in line with the results of the study with dynamical fermions [67]. Only part of the data
in [62] meets this restriction, over the range of m0 ∈ [−0.7,−0.79] at β = 7.62, measured
on the lattice with extension 48× 243—corresponding to the ensemble denoted as QB1 in
Table 2. For the other values of the lattice coupling we perform new calculations by using
lattices with extension 60 × 483. The details of all the ensembles are found in Section 3.1
and summarised in Table 2.
For a given ensemble QBi (with i = 1 , · · · , 5) we introduce various choices of bare mass
am0 of the fundamental fermions (see Table 5), and calculate 2-point Euclidean correlation
functions of pseudoscalar PS, vector V, axial-vector AV, scalar S, (antisymmetric) tensor
T and axial-tensor AT meson operators, using the interpolating operators in Table 4. We
follow the standard procedure described in Section 4.1, and we extract the masses and decay
constants from the correlated fit of the data for the correlation functions as in Eq. (4.8).
In the case of the pseudoscalar meson, we simultaneously fit the data for the correlators
CPS,PS(t) and CPS,AV(t) according to Eqs. (4.8) and (4.9). The fitting intervals over the
plateau region at large Euclidean time are chosen to optimise the χ2 while keeping the
interval as large as possible. In Table 5 we list the name of each measurement QBiMj
at given values of β and m0, and present the time intervals used in the numerical fits for
the cases of PS, V, AV and S mesons along with the values of χ2/Nd.o.f , which reflect the
quality of the fits. Similar results for T and AT mesons are shown in Table 6.
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Measurement amPS afPS amS mPS L fPS L
QB1FM1 0.5516(4) 0.08728(26) 0.925(9) 13.239(10) 2.095(6)
QB1FM2 0.4816(5) 0.08206(28) 0.873(11) 11.558(11) 1.969(7)
QB1FM3 0.4309(5) 0.07801(29) 0.840(15) 10.342(12) 1.872(7)
QB1FM4 0.3753(6) 0.0733(3) 0.838(14) 9.008(13) 1.760(8)
QB1FM5 0.3453(6) 0.0709(3) 0.839(19) 8.287(14) 1.702(8)
QB1FM6 0.3125(7) 0.0681(3) 7.501(16) 1.635(8)
QB2FM1 0.38340(15) 0.06957(9) 0.771(6) 18.403(7) 3.339(4)
QB2FM2 0.32442(17) 0.06482(10) 0.760(7) 15.572(8) 3.112(5)
QB2FM3 0.29148(18) 0.06222(11) 13.991(9) 2.986(5)
QB3FM1 0.55219(15) 0.07410(14) 0.7980(29) 26.505(7) 3.557(7)
QB3FM2 0.43873(16) 0.06705(13) 0.711(5) 21.059(7) 3.218(6)
QB3FM3 0.36129(20) 0.06099(12) 0.633(9) 17.342(10) 2.928(6)
QB3FM4 0.30373(21) 0.05644(14) 0.657(4) 14.579(10) 2.728(7)
QB3FM5 0.27138(20) 0.05406(10) 0.640(5) 13.026(10) 2.595(5)
QB3FM6 0.23560(25) 0.05128(13) 11.309(12) 2.461(6)
QB3FM7 0.19406(25) 0.04841(12) 9.315(12) 2.324(6)
QB4FM1 0.44146(16) 0.06150(13) 0.649(4) 21.190(8) 2.952(6)
QB4FM2 0.38068(19) 0.05752(13) 0.560(5) 18.272(9) 2.761(6)
QB4FM3 0.34147(20) 0.05471(13) 0.577(5) 16.390(10) 2.626(6)
QB4FM4 0.31413(23) 0.05293(13) 0.540(5) 15.078(11) 2.541(6)
QB4FM5 0.28472(25) 0.05064(13) 0.522(7) 13.666(12) 2.431(6)
QB4FM6 0.25306(27) 0.04816(14) 0.511(10) 12.147(13) 2.312(7)
QB4FM7 0.21806(24) 0.04539(11) 0.523(10) 10.467(11) 2.179(5)
QB4FM8 0.17734(26) 0.04240(12) 8.512(12) 2.035(6)
QB5FM1 0.2524(3) 0.04282(15) 0.449(4) 12.113(14) 2.055(7)
QB5FM2 0.1850(4) 0.03740(16) 0.428(6) 8.881(17) 1.795(7)
QB5FM3 0.1610(3) 0.03560(14) 7.727(16) 1.709(7)
Table 7. Masses for flavoured spin-0 (PS and S) mesons, made of Dirac fermions transforming
in the fundamental representations of Sp(4), and (renormalised) decay constant of the PS states.
All results are obtained in the quenched approximation, and presented either in units of the lattice
spacing a, or volume L = Nsa.
Notice that, in the case of AV, AT and S mesons, we are not able to find an acceptable
plateau region for several among the lightest choices of fermion masses. This problem ap-
pears when approximately reaching the threshold for decay to three pseudoscalars. Similar
problems have been observed before in the literature on quenched theories (see for example
Refs. [101–103]), and may be due to the appearance of two types of new features, both of
which are ultimately due to violations of unitarity: polynomial factors correct the expo-
nential behaviour of the large-time correlation functions, and finite-volume effects do not
decouple in the infinite-volume limit. We pragmatically decided to ignore measurements
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Measurement amV afV amAV afAV
QB1FM1 0.6259(8) 0.1372(5) 0.971(9) 0.134(4)
QB1FM2 0.5721(11) 0.1351(7) 0.927(11) 0.138(5)
QB1FM3 0.5356(13) 0.1330(8) 0.902(14) 0.142(6)
QB1FM4 0.4981(18) 0.1302(10) 0.880(12) 0.148(4)
QB1FM5 0.4793(22) 0.1287(12) 0.865(14) 0.148(5)
QB1FM6 0.4592(27) 0.1262(14) 0.854(17) 0.149(6)
QB2FM1 0.4848(6) 0.1186(4) 0.784(8) 0.115(4)
QB2FM2 0.4474(9) 0.1162(6) 0.745(12) 0.113(5)
QB2FM3 0.4288(12) 0.1148(8) 0.726(15) 0.112(7)
QB3FM1 0.59445(24) 0.10405(21) 0.821(3) 0.0881(15)
QB3FM2 0.4988(3) 0.10087(29) 0.736(5) 0.0930(23)
QB3FM3 0.4394(7) 0.0973(5) 0.664(14) 0.088(8)
QB3FM4 0.4008(8) 0.0959(6) 0.655(11) 0.098(5)
QB3FM5 0.3800(16) 0.0932(11) 0.631(6) 0.0997(20)
QB3FM6 0.3640(15) 0.0944(9) 0.645(10) 0.110(4)
QB3FM7 0.339(4) 0.0874(24) 0.581(11) 0.095(4)
QB4FM1 0.4839(5) 0.08727(28) 0.680(4) 0.0789(17)
QB4FM2 0.4332(4) 0.0851(3) 0.633(5) 0.0809(20)
QB4FM3 0.4023(5) 0.0835(4) 0.605(5) 0.0821(24)
QB4FM4 0.3824(7) 0.0828(5) 0.566(7) 0.0746(28)
QB4FM5 0.3626(7) 0.0821(5) 0.543(8) 0.074(3)
QB4FM6 0.3421(10) 0.0806(6) 0.519(11) 0.072(4)
QB4FM7 0.3222(16) 0.0790(9) 0.492(15) 0.069(6)
QB4FM8 0.303(3) 0.0771(18)
QB5FM1 0.3112(7) 0.0665(5) 0.480(6) 0.0703(27)
QB5FM2 0.2680(15) 0.0637(8) 0.449(7) 0.0749(27)
QB5FM3 0.2589(23) 0.0637(11) 0.406(16) 0.063(6)
Table 8. Masses and decay constants, computed in the quenched approximation, for flavoured spin-
1 (V and AV) mesons, made of Dirac fermions transforming in the fundamental representations of
Sp(4). All results are in units of the lattice spacing a. In parenthesis we report the statistical
uncertainties.
showing evidence of these phenomena, and discard them from the analysis.
The resulting values of PS masses and decay constants, as well as S masses, are pre-
sented in Table 7. In the table we also present the results of mPS L and fPS L. For all
the listed measurements the lattice volumes are large enough that the finite volume effects
are expected to be negligible as mPS L >∼ 7.5, and the low-energy EFT is applicable as
fPS L >∼ 1.6. Similarly, in Table 8 we show the results of the masses and decay constants
of V and AV mesons. For presentation purposes, we find it useful to show also the meson
masses in units of the PS decay constant, as well as the ratios of fˆV/fˆPS, in Table 9. All
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Measurement mˆV/mˆPS mˆPS/fˆPS mˆV/fˆPS mˆAV/fˆPS mˆS/fˆPS fˆV/fˆPS
QB1FM1 1.1346(13) 6.320(17) 7.171(23) 11.13(11) 10.60(10) 1.572(7)
QB1FM2 1.1880(20) 5.869(17) 6.972(27) 11.30(14) 10.64(13) 1.646(9)
QB1FM3 1.2429(29) 5.523(18) 6.86(3) 11.56(18) 10.77(18) 1.704(11)
QB1FM4 1.327(5) 5.120(19) 6.79(4) 12.01(17) 11.43(19) 1.776(15)
QB1FM5 1.388(6) 4.869(20) 6.76(4) 12.20(20) 11.83(26) 1.815(17)
QB1FM6 1.469(8) 4.587(21) 6.74(5) 12.54(20) 1.852(21)
QB2FM1 1.2646(14) 5.511(7) 6.969(12) 11.26(12) 11.08(10) 1.705(6)
QB2FM2 1.3791(27) 5.005(7) 6.902(17) 11.50(18) 11.73(11) 1.793(9)
QB2FM3 1.471(4) 4.685(7) 6.891(22) 11.67(25) 1.845(12)
QB3FM1 1.0765(4) 7.452(14) 8.022(16) 11.08(5) 10.76(5) 1.404(3)
QB3FM2 1.1370(7) 6.544(12) 7.440(15) 10.97(8) 10.61(8) 1.505(4)
QB3FM3 1.2161(18) 5.924(10) 7.204(18) 11.70(11) 10.39(15) 1.596(9)
QB3FM4 1.3196(27) 5.343(12) 7.051(22) 11.52(19) 11.56(8) 1.687(10)
QB3FM5 1.400(6) 5.020(8) 7.03(3) 11.66(11) 11.84(10) 1.725(20)
QB3FM6 1.545(7) 4.595(11) 7.10(3) 12.41(15) 1.841(21)
QB3FM7 1.745(21) 4.009(9) 7.00(8) 12.01(24) 1.81(5)
QB4FM1 1.0961(6) 7.179(14) 7.868(17) 11.06(7) 10.55(7) 1.419(4)
QB4FM2 1.1381(10) 6.618(14) 7.532(18) 11.01(8) 10.42(10) 1.480(6)
QB4FM3 1.1782(14) 6.242(14) 7.354(20) 11.06(10) 10.54(11) 1.527(7)
QB4FM4 1.2175(20) 5.945(12) 7.226(21) 10.69(13) 10.19(10) 1.565(10)
QB4FM5 1.2735(25) 5.634(12) 7.160(24) 10.71(16) 10.31(13) 1.621((10)
QB4FM6 1.352(4) 5.255(12) 7.104(29) 10.77(22) 10.60(20) 1.674(13)
QB4FM7 1.478(7) 4.804(11) 7.10(4) 10.8(3) 11.53(21) 1.741(20)
QB4FM8 1.708(19) 4.183(11) 7.14(9) 1.82(4)
QB5FM1 1.2332(27) 5.894(18) 7.268(27) 11.21(15) 10.49(9) 1.552(10)
QB5FM2 1.449(8) 4.948(19) 7.17(4) 12.02(20) 11.44(18) 1.703(19)
QB5FM3 1.608(14) 4.522(18) 7.27(7) 11.4(4) 1.789(29)
Table 9. Some useful ratios of (quenched) masses and decay constants of mesons made of Dirac
fermions transforming in the fundamental representation. In parenthesis we report the statistical
uncertainties.
fermion masses are large enough that the decay of a V meson into two PS mesons is kine-
matically forbidden. In Table 10 we report the masses of T and AT states, both in units of
the lattice spacing a and of the PS decay constant fˆPS. The resulting values of the masses
measured from the correlators involving OV and OT are statistically consistent with each
other, in support of theoretical prediction: the V and T operators interpolate the same
physical states with JP = 1− (identified with the ρ meson in the case of real-world QCD).
We perform simultaneous continuum and massless extrapolations by fitting the data
for (quenched) meson masses and decay constants to Eqs. (4.13) and (4.14). We restrict
the range of masses used for the extrapolations to mˆ2PS . 0.4 for the PS states, and to
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Measurement amT mˆT/fˆPS amAT mˆAT/fˆPS
QB1FM1 0.6257(10) 7.169(23) 0.963(10) 11.03(11)
QB1FM2 0.5719(14) 6.969(28) 0.920(12) 11.21(15)
QB1FM3 0.5350(18) 6.86(3) 0.899(10) 11.52(13)
QB1FM4 0.4978(25) 6.79(4) 0.863(14) 11.77(20)
QB1FM5 0.477(3) 6.73(5) 0.858(15) 12.09(23)
QB1FM6 0.459(4) 6.74(7) 0.834(19) 12.2(3)
QB2FM1 0.4838(9) 6.954(15) 0.775(10) 11.13(15)
QB2FM2 0.4465(15) 6.887(24) 0.741(15) 11.42(24)
QB2FM3 0.4307(15) 6.922(27) 0.754(8) 12.12(13)
QB3FM1 0.5944(3) 8.021(16) 0.8201(4) 11.07(6)
QB3FM2 0.4986(5) 7.437(17) 0.735(6) 10.96(9)
QB3FM3 0.4397(9) 7.209(12) 0.673(7) 11.04(12)
QB3FM4 0.3997(14) 7.03(3) 0.661(14) 11.63(26)
QB3FM5 0.3806(23) 7.04(4) 0.596(20) 11.0(4)
QB3FM6 0.3649(26) 7.12(5) 0.672(12) 13.11(24)
QB3FM7 0.3532(29) 7.30(6)
QB4FM1 0.4844(4) 7.877(17) 0.675(4) 10.97(8)
QB4FM2 0.4336(5) 7.538(20) 0.626(6) 10.88(10)
QB4FM3 0.4023(7) 7.354(23) 0.595(7) 10.87(13)
QB4FM4 0.3824(11) 7.226(26) 0.581(7) 10.98(13)
QB4FM5 0.3617(15) 7.14(3) 0.657(6) 11.19(11)
QB4FM6 0.3405(23) 7.07(5) 0.547(7) 11.36(15)
QB4FM7 0.318(4) 7.01(9) 0.525(9) 11.59(20)
QB4FM8 0.303(4) 7.14(9)
QB5FM1 0.3111(14) 7.27(4) 0.488(5) 11.39(13)
QB5FM2 0.2685(23) 7.18(6) 0.450(9) 12.03(25)
QB5FM3 0.252(3) 7.08(9) 0.391(19) 11.0(5)
Table 10. Masses of T and AT states, in units of a and fPS, for each of the ensembles and bare
masses m0. The Dirac fermions are in the fundamental representation. In parenthesis we report
the statistical uncertainties.
ensembles yielding mˆ2PS . 0.6 for all other states, in order to retain the largest possible
range of masses within which the data shows linear dependence on mˆ2PS. In Figs. 3 and 4 we
show the results of decay constants and masses, with different colours being used to denote
ensembles at different β values. In the figures we also present the continuum-extrapolated
values (denoted by grey bands the widths of which represent the statistical uncertainties),
obtained after subtracting artefacts arising from finite lattice spacing. We find that fˆ2PS,
mˆ2V and mˆ
2
T are significantly affected by the discretisation of the Euclidian space. The size
of lattice artefacts in all other quantities is comparable with that of statistical uncertainties.
From the numerical fits we determine the constants appearing in Eqs. (4.13) and (4.14),
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Figure 3. Decay constants squared of PS, V, and AV mesons (constituted of fermions transforming
in the fundamental representation), as a function of the PS meson mass squared mˆ2PS, for β = 7.62
(blue), 7.7 (purple), 7.85 (green), 8.0 (red), and 8.2 (brown). All quantities are expressed in units of
the gradient-flow scale w0. The results of the continuum and massless extrapolations are represented
by the grey bands.
and we report them in Table 11. The numbers in the first and second parentheses are the
statistical and systematic uncertainties of the fits, respectively. In the table, we also present
the values of χ2/Nd.o.f . The systematic uncertainties in the fits are estimated by taking the
maximum and minimum values obtained from the set of data excluding the coarsest lattice
(the ensemble with β = 7.62) and including/excluding the heaviest measurements. Notice
in the table that this process yields large estimates for the systematic uncertainty for those
fits that result in a large value of χ2/Nd.o.f at the minimum.
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Figure 4. Masses squared of V, T, AV, AT and S mesons (constituted of fermions in the fun-
damental representation), as a function of the PS meson mass squared mˆ2PS, for β = 7.62 (blue),
7.7 (purple), 7.85 (green), 8.0 (red), and 8.2 (brown). All quantities are expressed in units of the
gradient-flow scale w0. The results of the continuum and massless extrapolations are represented
by the grey bands.
As seen in Table 9, for each given value of β the ratio mˆV/fˆPS is approximately constant
over the mass region mˆV/mˆPS >∼ 1.3. From a simple linear extrapolation to the continuum
of these constant vector masses in units of fˆPS, we find that mˆV/
√
2fˆPS = 5.42(5). A
more rigorous, yet compatible, estimate of the massless limit is obtained by taking the
extrapolated results in Table 11, and yields mˆχV/
√
2fˆχPS = 5.48(9)(4).
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fˆ2, χM L
0
f,M W
0
f,M χ
2/Nd.o.f
PS 0.00765(13)(11) 2.101(38)(51) −0.00190(24)(15) 3.1
V 0.0275(12)(4) 0.47(51)(24) 0.0060(18)(4) 1.5
AV 0.031(6)(10) −0.40(18)(25) 0.019(10)(20) 4.2
mˆ2, χM L
0
m,M W
0
m,M χ
2/Nd.o.f
V 0.451(13)(5) 1.86(7)(4) −0.257(20)(6) 0.4
T 0.455(20)(7) 1.81(8)(5) −0.256(31)(9) 0.9
AV 1.14(10)(14) 0.96(14)(18) 0.13(16)(29) 3.8
AT 1.36(9)(13) 0.78(10)(10) −0.19(14)(24) 3.1
S 1.52(9)(4) 0.18(6)(12) −0.14(13)(7) 4.0
Table 11. Results of the fit of the coefficients in Eqs. (4.13) and (4.14), used in the continuum
and massless extrapolations of masses and decay constants of mesons in the quenched simulations
involving Dirac fermions in the fundamental representation. The numbers in parentheses represent,
respectively, statistical and systematic uncertainties due to the fit.
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Figure 5. Decay constants squared of ps, v, and av mesons (constituted of fermions in the anti-
symmetric representation), as a function of the ps meson mass squared mˆ2ps, for β = 7.62 (blue),
7.7 (purple), 7.85 (green), 8.0 (red), and 8.2 (brown). All quantities are expressed in units of the
gradient-flow scale w0. The results of the continuum and massless extrapolations are represented
by the grey bands.
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Measurement m0
ps v av s
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
QB1ASM1 -1.05 14-24 1.2 13-24 0.5 7-12 0.1 10-15 0.5
QB1ASM2 -1.08 12-24 1.9 12-24 0.5 7-10 0.1 7-13 1.8
QB1ASM3 -1.1 12-24 1.1 12-24 1.0 7-12 1.1 8-13 0.7
QB1ASM4 -1.12 12-24 0.8 12-20 0.5 7-11 0.5 7-11 0.2
QB1ASM5 -1.13 11-24 1.6 12-19 0.3 8-11 0.6 7-11 0.4
QB1ASM6 -1.14 13-24 0.7 10-20 0.5 7-10 0.3
QB2ASM1 -1.05 16-30 1.2 14-25 1.1 9-15 0.7 11-17 0.6
QB2ASM2 -1.08 15-30 0.7 13-28 0.8 9-13 0.1 9-14 0.8
QB2ASM3 -1.09 15-30 0.9 12-23 0.5 10-13 0.5 8-12 0.2
QB2ASM4 -1.1 15-30 1.0 12-21 0.4 8-12 0.2 9-12 0.2
QB2ASM5 -1.11 15-30 1.3 12-25 0.7 9-12 0.2 8-12 1.0
QB2ASM6 -1.12 16-30 1.3
QB3ASM1 -1.03 16-30 1.5 16-27 0.4 10-15 0.2 10-18 0.6
QB3ASM2 -1.04 14-30 1.1 17-30 1.5 10-16 0.1 9-16 0.5
QB3ASM3 -1.05 16-30 0.8 14-30 0.5 9-12 0.2 9-15 0.5
QB3ASM4 -1.06 18-30 1.1 14-24 0.2 9-12 0.3
QB4ASM1 -0.95 20-30 0.9 20-30 0.8 12-21 0.8 13-26 0.7
QB4ASM2 -0.983 19-30 1.6 20-30 0.9 12-19 0.7 11-22 0.7
QB4ASM3 -0.99 19-30 1.6 17-23 0.8 10-18 0.4 12-19 0.4
QB4ASM4 -0.99 19-30 1.6 17-23 0.8 10-18 0.4 12-19 0.4
QB4ASM5 -1.01 18-30 0.7 17-28 1.1 10-16 0.1 9-12 0.5
QB4ASM6 -1.015 19-30 0.9 16-26 0.5 11-15 0.2
QB5ASM1 -0.95 20-30 0.6 19-30 0.3 12-21 0.7 12-24 1.0
QB5ASM2 -0.961 19-30 1.7 20-30 0.2 12-19 0.2
Table 12. Technical details pertaining the measurements of the correlation functions of operators
built with 2-index antisymmetric fermions. For each ensemble and each choice of bare mass am0,
we show the fitting intervals of the Euclidean time Ifit = [ti, tf ] between the minimum time ti and
maximum time tf retained in the single-exponential fit to the measured correlators of mesons made
of antisymmetric Dirac fermions. We carry out a correlated fit via standard χ2-minimisation. We
report the values of χ2 (normalised by the number of the degrees of freedom) at the minima. In
the case of the v, av and s states, we leave blank some entries for which the numerical data do not
exhibit a plateau in the effective mass plots, due to numerical noise.
4.4 Quenched spectrum: antisymmetric fermions
We turn now our attention to the quenched spectrum of the lightest flavoured mesons
involving the fermions transforming in the antisymmetric representation of Sp(4). We use
the same ensembles listed in Table 2, but the bare masses m0 of the fermions are listed
in Table 12. As with fundamental fermions, we choose the values of am0 to satisfy the
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Measurement
t at
Ifit
χ2
Nd.o.f
Ifit
χ2
Nd.o.f
QB1ASM1 13-24 1.3 9-13 0.7
QB1ASM2 11-24 0.8 7-11 1.8
QB1ASM3 10-20 0.2 7-10 0.1
QB1ASM4 10-21 1.0 8-11 0.1
QB1ASM5 11-24 0.4 7-9 0.1
QB1ASM6 10-15 1.0 6-10 0.1
QB2ASM1 13-30 0.8 9-15 1.0
QB2ASM2 14-24 0.7 9-14 1.3
QB2ASM3 11-20 1.3 8-13 0.3
QB2ASM4 11-26 1.2 7-12 0.2
QB2ASM5 10-21 0.9 11-15 1.4
QB2ASM6
QB3ASM1 19-30 0.8 11-15 0.1
QB3ASM2 13-30 1.0 8-13 0.2
QB3ASM3 12-20 0.9 9-13 0.2
QB3ASM4 12-24 0.2 9-12 0.3
QB4ASM1 17-30 1.4 12-16 1.5
QB4ASM2 22-29 0.5 11-19 0.3
QB4ASM3 17-30 0.7 10-16 0.7
QB4ASM4 15-30 0.8 10-18 1.0
QB4ASM5 19-27 0.3 14-19 0.3
QB4ASM6 15-26 0.5
QB5ASM1 17-30 0.6 11-16 0.3
QB5ASM2 14-26 0.5 10-15 0.1
Table 13. Technical details pertaining the measurements of the correlation functions of operators
built with 2-index antisymmetric fermions. For each ensemble and each choice of bare mass am0,
we show the fitting intervals of the Euclidean time Ifit = [ti, tf ] between the minimum time ti and
maximum time tf retained in the single-exponential fit to the measured correlators of mesons made
of antisymmetric Dirac fermions. We carry out a correlated fit via standard χ2-minimisation. We
report the values of χ2 (normalised by the number of the degrees of freedom) at the minima. In
the case of the at state, we leave blank some entries for which the numerical data did not exhibit
a plateau in the effective mass plots, due to numerical noise.
condition of mpsL ≥ 7.5. In the table, we also present the fitting intervals used for the
extraction of the masses and the decay constants of ps, v, av, and s mesons as well as
the resulting values of χ2/Nd.o.f . The results for t and at mesons are shown in Table 13.
We apply to the antisymmetric case the same numerical treatment and analysis techniques
used for the fundamental fermions. As in the case of the fundamental representation, we
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Measurement amps afps ams mps L fps L
QB1ASM1 0.6254(4) 0.1249(4) 1.045(28) 15.009(9) 2.997(9)
QB1ASM2 0.5413(4) 0.1166(3) 1.036(10) 12.991(10) 2.798(8)
QB1ASM3 0.4789(4) 0.1107(4) 0.970(20) 11.495(9) 2.657(9)
QB1ASM4 0.4087(5) 0.1036(3) 0.953(16) 9.809(11) 2.487(8)
QB1ASM5 0.3693(5) 0.0998(4) 0.930(25) 8.863(12) 2.396(8)
QB1ASM6 0.3260(5) 0.0958(5) 7.823(13) 2.300(12)
QB2ASM1 0.50776(12) 0.10646(13) 0.894(11) 24.372(6) 5.110(6)
QB2ASM2 0.40809(14) 0.09668(18) 0.851(8) 19.588(7) 4.641(6)
QB2ASM3 0.37047(16) 0.09300(14) 0.860(7) 17.782(8) 4.464(7)
QB2ASM4 0.32896(16) 0.08898(14) 0.824(14) 15.790(8) 4.271(7)
QB2ASM5 0.28241(19) 0.08494(16) 0.842(14) 13.556(9) 4.077(8)
QB2ASM6 0.22727(22) 0.08108(22) 10.909(10) 3.892(10)
QB3ASM1 0.35682(16) 0.08149(13) 0.726(6) 17.127(8) 3.912(6)
QB3ASM2 0.31698(16) 0.07781(13) 0.704(5) 15.215(8) 3.735(6)
QB3ASM3 0.27265(21) 0.07361(18) 0.698(7) 13.087(10) 3.533(8)
QB3ASM4 0.22041(27) 0.06926(19) 10.580(13) 3.325(10)
QB4ASM1 0.44487(15) 0.08239(15) 0.692(4) 21.354(7) 3.945(7)
QB4ASM2 0.33323(16) 0.08239(15) 0.623(4) 15.995(8) 3.444(6)
QB4ASM3 0.30578(19) 0.06921(15) 0.611(7) 14.678(9) 3.322(7)
QB4ASM4 0.26323(18) 0.06536(15) 0.579(9) 12.635(9) 3.137(7)
QB4ASM5 0.21375(20) 0.06080(17) 0.604(7) 10.260(10) 2.918(8)
QB4ASM6 0.18506(25) 0.05838(17) 8.883(12) 2.802(8)
QB4ASM1 0.22454(27) 0.05392(13) 0.484(5) 10.778(13) 2.588(6)
QB4ASM2 0.1666(3) 0.04851(15) 7.999(15) 2.329(7)
Table 14. Masses for flavoured spin-0 (ps and s) mesons, made of Dirac fermions transforming in
the 2-index antisymmetric representations of Sp(4), and decay constant of the PS states. All results
are obtained in the quenched approximation, and presented either in units of the lattice spacing a,
or volume L. In parenthesis we report the statistical uncertainties.
could not find an acceptable plateau region for some measurements at the smallest fermion
masses, in the cases of v, av and s mesons.
In Table 14, we present the numerical results of ps masses and decay constants, and s
masses, expressed in lattice units. As shown in the table, all the measurements meet the
aforementioned condition mpsL ≥ 7.5. In addition, we find that fpsL ≥ 2.3, which supports
the applicability of low-energy EFT techniques. We show the results of the masses and decay
constants of v and av mesons in Table 15. Furthermore, the meson masses in units of fˆps
and the ratio fˆv/fˆps are presented in Table 16. Finally, we present the resulting values of
the masses in lattice units and units of fps for t and at mesons in Table 17. As already seen
in the results for fundamental fermions, in all the measurements we find that the results of
mˆt are consistent with those of mˆv, given the current statistical uncertainties.
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Measurement amv afv amav afav
QB1ASM1 0.7457(11) 0.1970(11) 1.216(10) 0.196(5)
QB1ASM2 0.6836(12) 0.1924(11) 1.146(13) 0.192(6)
QB1ASM3 0.6393(19) 0.1862(17) 1.082(18) 0.183(7)
QB1ASM4 0.595(3) 0.1842(25) 1.083(22) 0.205(11)
QB1ASM5 0.571(4) 0.179(3) 0.94(5) 0.148(18)
QB1ASM6 0.542(4) 0.1759(21) 1.01(4) 0.190(16)
QB2ASM1 0.6378(7) 0.1726(7) 1.020(9) 0.159(5)
QB2ASM2 0.5679(8) 0.1645(7) 0.942(14) 0.154(7)
QB2ASM3 0.5466(10) 0.1646(7) 0.96(3) 0.174(22)
QB2ASM4 0.5222(12) 0.1615(8) 0.937(13) 0.172(6)
QB2ASM5 0.4921(22) 0.1548(14) 0.871(28) 0.152(13)
QB2ASM6
QB3ASM1 0.4933(11) 0.1346(9) 0.800(10) 0.130(5)
QB3ASM2 0.4637(19) 0.1290(16) 0.785(12) 0.135(6)
QB3ASM3 0.4461(18) 0.1325(12) 0.778(11) 0.142(5)
QB3ASM4 0.417(3) 0.1276(20) 0.752(14) 0.141(6)
QB4ASM1 0.5287(6) 0.1221(6) 0.770(6) 0.1060(29)
QB4ASM2 0.4425(12) 0.1122(11) 0.691(10) 0.108(4)
QB4ASM3 0.4249(12) 0.1115(9) 0.700(5) 0.1222(19)
QB4ASM4 0.3960(20) 0.1076(15) 0.660(10) 0.115(4)
QB4ASM5 0.3697(25) 0.1060(16) 0.629(10) 0.115(4)
QB4ASM6 0.348(4) 0.0995(19) 0.662(22) 0.134(11)
QB5ASM1 0.3327(14) 0.0865(9) 0.558(7) 0.1006(28)
QB5ASM2 0.301(5) 0.0840(26) 0.499(9) 0.090(3)
Table 15. Masses and decay constants, computed in the quenched approximation, for flavoured
spin-1 (v and av) mesons, made of Dirac fermions transforming in the antisymmetric representations
of Sp(4). All results are in units of the lattice spacing a. In parenthesis we report the statistical
uncertainties.
We perform the numerical fits of masses and decay constants by using the tree-level
NLO WχPT described by Eqs. (4.13) and (4.14). In Figs. 5 and 6, we present the fit results
denoted by grey bands as well as numerical results of the masses and the decay constants
measured at given lattice parameters. For the fits we consider the same ranges of mˆ2ps taken
for the case of fundamental fermions: mˆ2ps . 0.4 and mˆ2ps . 0.6, respectively, for the ps and
all other states. Over these mass ranges no significant deviation from linearity of the data in
aˆ and mˆ2ps is visible in our data. Different colours denote different lattice couplings, while the
widths of the bands represent the statistical uncertainties of the continuum extrapolations.
The resulting fit values are reported in Table 18. The numbers in the first and sec-
ond parentheses are the statistical and systematic uncertainties of the fits, respectively.
Once more, we estimate the fitting systematics by taking the maximum and minimum
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Measurement mˆv/mˆps mˆps/fˆps mˆv/fˆps mˆav/fˆps mˆs/fˆps fˆv/fˆpv
QB1ASM1 1.1924(17) 5.009(14) 5.972(21) 9.74(8) 8.37(22) 1.578(10)
QB1ASM2 1.2629(23) 4.643(12) 5.864(19) 9.83(12) 8.89(9) 1.651(10)
QB1ASM3 1.335(4) 4.326(14) 5.774(25) 9.77(17) 8.76(18) 1.682(14)
QB1ASM4 1.457(8) 3.944(11) 5.75(3) 10.45(21) 9.20(15) 1.778(24)
QB1ASM5 1.545(11) 3.699(12) 5.72(5) 9.4(5) 9.31(25) 1.79(3)
QB1ASM6 1.654(15) 3.401(16) 5.65(5) 10.5(4) 1.835(23)
QB2ASM1 1.2561(13) 4.770(5) 5.991(9) 9.57(9) 8.40(11) 1.621(6)
QB2ASM2 1.3916(21) 4.221(5) 5.874(12) 9.74(14) 8.81(8) 1.701(8)
QB2ASM3 1.4754(27) 3.983(5) 5.877(14) 10.3(4) 9.24(8) 1.770(8)
QB2ASM4 1.587(4) 3.697(5) 5.869(16) 10.53(15) 9.27(15) 1.815(10)
QB2ASM5 1.742(8) 3.325(5) 5.793(25) 10.3(3) 9.91(17) 1.823(16)
QB2ASM6 2.803(7)
QB3ASM1 1.382(3) 4.379(6) 6.053(15) 9.81(13) 8.91(8) 1.652(10)
QB3ASM2 1.463(6) 4.073(7) 5.959(27) 10.09(15) 9.05(7) 1.657(21)
QB3ASM3 1.636(7) 3.704(8) 6.061(28) 10.56(15) 9.48(10) 1.801(16)
QB3ASM4 1.891(15) 3.182(8) 6.02(5) 10.86(21) 1.843(29)
QB4ASM1 1.1884(13) 5.399(9) 6.417(13) 9.35(8) 8.40(5) 1.482(7)
QB4ASM2 1.328(4) 4.644(8) 6.168(20) 9.63(14) 8.67(6) 1.563(15)
QB4ASM3 1.389(4) 4.418(9) 6.139(21) 10.12(7) 8.83(10) 1.611(12)
QB4ASM4 1.504(8) 4.027(8) 6.06(3) 10.10(15) 8.86(14) 1.647(23)
QB4ASM5 1.729(12) 3.516(9) 6.08(5) 10.35(16) 9.93(12) 1.743(28)
QB4ASM6 1.879(19) 3.170(8) 5.96(6) 11.4(4) 1.70(3)
QB5ASM1 1.482(6) 4.165(8) 6.170(29) 10.35(13) 8.98(9) 1.605(16)
QB5ASM2 1.805(28) 3.435(9) 6.20(10) 10.29(20) 1.73(5)
Table 16. Some useful ratios of (quenched) masses and decay constants of mesons made of Dirac
fermions transforming in the antisymmetric representation. In parenthesis we report the statistical
uncertainties.
values obtained from the set of data excluding the coarsest lattices at β = 7.62 and includ-
ing/excluding the heaviest measurements. As in the case of fundamental fermions Q, we
find that for each β value the vector masses in units of the pseudoscalar decay constant
are almost constant over the range of mˆv/mˆps >∼ 1.3—see Table 16. After performing a
simple linear extrapolation of these constants, we find that mˆv/
√
2fˆps = 4.72(4) in the
continuum limit. A more rigorous, yet compatible, estimate is obtained by making use of
the extrapolated results in Table 18: we find mˆχv/
√
2fˆχps = 4.80(12)(4). The resulting value
of the ratio is smaller than that for the fundamental fermions by 13%.
4.5 Quenched spectrum: comparison
Figure 7 shows a visual comparison between the decay constants of the pseudoscalar, vector,
and axial-vector mesons, made of fermions transforming in the fundamental representation
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Measurement amt mt/fps amat mat/fps
QB1ASM1 0.7454(17) 5.970(24) 1.210(15) 9.69(12)
QB1ASM2 0.6850(18) 5.876(23) 1.132(19) 9.71(17)
QB1ASM3 0.6452(22) 5.828(29) 1.127(25) 10.18(23)
QB1ASM4 0.601(4) 5.80(4) 0.96(5) 9.3(4)
QB1ASM5 0.568(6) 5.69(6) 1.05(4) 10.6(4)
QB1ASM6 0.546(7) 5.70(7) 1.067(26) 11.13(28)
QB2ASM1 0.6375(7) 5.989(10) 1.027(12) 9.64(12)
QB2ASM2 0.5658(16) 5.852(18) 0.957(23) 9.90(24)
QB2ASM3 0.5488(15) 5.901(18) 0.986(17) 10.60(20)
QB2ASM4 0.5228(19) 5.876(24) 0.988(11) 11.11(12)
QB2ASM5 0.5022(29) 5.91(3) 0.94(3) 11.0(4)
QB2ASM6
QB3ASM1 0.4884(25) 5.99(3) 0.781(24) 9.58(29)
QB3ASM2 0.4682(19) 6.016(25) 0.829(8) 10.65(10)
QB3ASM3 0.4447(24) 6.04(4) 0.799(21) 10.85((29)
QB3ASM4 0.423(4) 6.10(6) 0.77(3) 11.2(5)
QB4ASM1 0.5285(6) 6.415(13) 0.782(9) 9.49(12)
QB4ASM2 0.4402(26) 6.14(4) 0.712(10) 9.93(15)
QB4ASM3 0.4238(20) 6.12(3) 0.719(9) 10.38(14)
QB4ASM4 0.4028(22) 6.16(4) 0.675(12) 10.32(18)
QB4ASM5 0.349(7) 5.74(12) 0.59(4) 9.7(6)
QB4ASM6 0.350(6) 5.99(11)
QB5ASM1 0.3314(27) 6.15(5) 0.585(9) 10.84(18)
QB5ASM2 0.307(3) 6.32(7) 0.548(11) 11.30(24)
Table 17. Masses of t and at states, in units of a and fps, for each of the ensembles and bare masses
am0. The Dirac fermions transform in the 2-index antisymmetric representation. In parenthesis we
report the statistical uncertainties.
of Sp(4) (PS, V, AV) and in the 2-index antisymmetric representation (ps, v, av). In order
to make the comparison, we plot the continuum-limit results by naively identifying the
masses of the pseudoscalars mˆ2PS = mˆ
2
ps as the abscissa. The comparison at finite mass
should be taken with some caution, as the symmetry-breaking operators controlling the
mass of PS and ps states are distinct, but the massless extrapolations can be compared
unambiguously. We repeat the exercise also for the masses of all the mesons, and show the
result in Figure 8.
In all cases we considered, masses and decay constants of bound states made of fermions
Ψ transforming in the 2-index antisymmetric representation are considerably larger than
those made of fermions Q transforming in the fundamental representation. Focusing on the
massless limit, we find that the ratio fˆ2av/fˆ2AV = 2.7 ± 1.1 is the largest, while mˆ2s/mˆ2S =
1.18± 0.13 is the smallest, and the other results are distributed in the range between these
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Figure 6. Masses squared of v, t, av, at and s mesons (constituted of fermions transforming in the
antisymmetric representation), as a function of the ps meson mass squared mˆ2ps, for β = 7.62 (blue),
7.7 (purple), 7.85 (green), 8.0 (red), and 8.2 (brown). All quantities are expressed in units of the
gradient-flow scale w0. The results of the continuum and massless extrapolations are represented
by the grey bands.
two values. The hierarchy between the pseudoscalar decay constants is important in the
CHM context; we find that fˆ2ps/fˆ2PS = 1.81±0.04. It is also to be noted that the mass of the
vector states v is larger, but not substantially so, in respect to that of the corresponding V
mesons, with mˆ2v/mˆ2V = 1.46± 0.08.
How much of the above holds true for the dynamical calculations is not known, and
is an interesting topic for future studies. It was shown in Ref. [67] that, by comparing
quenched and dynamical calculations for mesons in the fundamental representation (per-
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fˆ2, χM L
0
f,M W
0
f,M χ
2/Nd.o.f
ps 0.01388(18)(10) 1.754(41)(28) −0.00028(26)(15) 1.3
v 0.0404(21)(7) 0.626(91)(16) 0.0310(28)(17) 2.4
av 0.084(8)(5) 0.01(13)(9) −0.022(12)(9) 2.3
mˆ2, χM L
0
m,M W
0
m,M χ
2/Nd.o.f
v 0.657(21)(21) 1.375(56)(5) −0.336(34)(4) 0.8
t 0.675(29)(19) 1.26(7)(7) −0.326(47)(19) 1.2
av 2.01(11)(7) 0.70(10)(5) −0.33(17)(11) 2.1
at 2.50(18)(7) 0.32(12)(7) −0.48(24)(8) 2.4
s 1.80(9)(13) 0.32(7)(14) −0.21(12)(15) 1.6
Table 18. Results of the fit of the coefficients in Eqs. (4.13) and (4.14), used in the continuum
and massless extrapolations of masses and decay constants of mesons in the quenched simulations
involving Dirac fermions transforming in the 2-index antisymmetric representation. In parentheses
we show statistical and systematic errors, respectively.
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Figure 7. Comparison of the decay constant squared (in the continuum limit) of the mesons
as a function of the pseudoscalar meson mass squared, in units of w0, for fermion constituents
transforming in the fundamental (blue) or 2-index antisymmetric (red) representation.
formed in comparable ranges of fermion mass), and after both the continuum and massless
extrapolations were performed, the discrepancies are not too large: O(25%) for mˆ2S, O(20%)
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Figure 8. Comparison of the mass squared (in the continuum limit) of the mesons as a function of
the pseudoscalar meson mass squared, in units of w0, for fermion constituents transforming in the
fundamental (blue) or 2-index antisymmetric (red) representation.
for fˆ2PS, O(10%) for mˆ2V, and smaller for the other measurements. Whether this is due to
the fact that all the calculations in Ref. [67] are performed in a range of fermion masses
that are comparatively large, or to other reasons—the large-N behaviour of the theory
might already be dominating the dynamics of Sp(4) mesons, for example—is not currently
known, and should be studied in future dedicated investigations. Yet, it is suggestive that
no dramatic discrepancy has emerged so far, for all the observables we considered.
We conclude this section by reminding the reader that the calculations performed for
this paper, being done with the quenched approximation, are insensitive to the number of
fundamental flavours Nf and antisymmetric flavours nf , and hence apply to other models,
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beyond the phenomenologically relevant case with Nf = 2 and nf = 3. A recent lattice
study within the SU(3) gauge theory [104] of the ratio mρ/fpi between the mass of the rho
mesons and the decay constant of the pions (corresponding to mV/fPS in this paper) shows
no appreciable dependence on the number of flavours Nf <∼ 6—as long as the theory is deep
inside the regime in which chiral symmetry breaking occurs. It would be interesting to
measure whether this holds true also for other representations, in the dynamical theories.
Meanwhile, we find that in our quenched calculation, after taking both the continuum and
massless limits, for the fundamental representation we have mˆ2V/fˆ
2
PS = 59.0± 2.2, while for
the antisymmetric representation we find mˆ2v/fˆ2ps = 47.3±2.3.6 The discrepancy reaches be-
yond the 3σ-level, suggesting that this ratio—which enters into the Kawarabayashi-Suzuki-
Riazuddin-Fayyazuddin (KSRF) relation M2ρ/(g2ρpipif2pi) = 2 [106, 107]—depends on the
fermion representation. By comparison, the ratio obtained from the numerical studies with
dynamical Dirac fermions in the fundamental representation is mˆ2V /fˆ
2
PS = 65.4 ± 5.0 [67],
which is slightly larger than the result of our quenched calculation. Once more, checking
this result (as well as the KSRF relations) in the full dynamical theory with fermions in
the antisymmetric representation would be of great interest.
5 Global fits
In this section, we perform a global fit of the continuum-extrapolated masses and decay
constants of PS, V, and AV mesons to the EFT described in Sec. 2.3. As stated there, the
EFT equations are applicable both to mesons constituted of fermions in the fundamental as
well as 2-index antisymmetric representations of the Sp(4) gauge group. We also recall from
Ref. [62] that several working assumptions have been used to arrive at Eqs. (2.19)-(2.24).
We follow in the analysis the prescription introduced in Ref. [67]. We only repeat some of
the essential features of the process, while referring the Reader to Ref. [67] for details. We
focus instead on the results of the global fit.
We start by restricting the data analysed to lie in the mass range over which all the
measured masses and decay constants can be extrapolated to the continuum limit using
Eqs. (4.13) and (4.14). In the case of the fundamental representation, we restrict our mea-
surements to include only QB1FM3−QB1FM6, QB2FM1−QB2FM3, QB3FM4−QB3FM7,
QB4FM6−QB4FM8, and QB5FM2−QB5FM3. In the case of antisymmetric representa-
tion, we restrict to QB1ASM4−QB1ASM6, QB2ASM3−QB2ASM6, QB3ASM2−QB3ASM4,
QB4ASM4−QB4ASM6, and QB5ASM2. As anticipated in Section 4.2, we use the LO χPT
result for the pseudoscalar mass, and replace the fermion mass in Eqs. (2.19)-(2.24) by
mˆ2PS = 2Bmf . In the mass range considered, this replacement is supported by the nu-
merical data, as mˆ2PS is found to be approximately linear with the mass of the fermion
mˆ0. Accordingly, we expand the EFT equations and truncate at the linear order in mˆ2PS.
The resulting fit equations have been presented as Eqs. (6.1)-(6.5) in Ref. [67]. The 10
unknown low-energy constants (LECs), denoted as (fˆ , Fˆ , b, c, gV , κ, vˆ1, vˆ2, yˆ3, yˆ4), are
appropriately redefined by introducing the gradient flow scale w0.
6 These data have been used in Ref. [105] to compare these quantities with other theories.
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Figure 9. Decay constants and masses in the continuum limit after subtracting lattice artefacts
due to the finite lattice spacing. The global fit results are denoted by blue solid bands for the mesons
constituted of fundamental fermions Q, and red bands for the ones constituted of antisymmetric
fermions Ψ. The width of the bands indicates the statistical errors.
We perform the numerical global fits of the data to the EFTs, via standard χ2 minimi-
sation, by using 200 bootstrapped samples and a simplified χ2 function that is built by just
summing the individual χ2 functions for the five independent fit equations. The fit results
satisfy the constraints obtained from the unitarity conditions in Eq. (6.8) of Ref. [67]. In
practice, we guide the fits by an initial minimisation of the full data set. In Fig. 9 we
present the results of the global fit along with the continuum-extrapolated data used for
the fits, by further comparing the results originating from fundamental and antisymmetric
fermions. In the figure, the fit results are presented by shaded bands, the widths of which
represent the statistical uncertainties. The quality of the fits is measured by the fact that
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Figure 10. Histogram distribution of the gV PP (left panel) and gvpp (right panel) couplings,
obtained from the quenched calculation by applying the global fit strategy discussed in the text. In
the former, gV PP denotes the coupling between mesons composed of fermions in the fundamental.
In the latter case the constituent fermions transform in the 2-index antisymmetric representation.
χ2/Nd.o.f ∼ 0.6 at the minimum, although one should remember that correlations have
not been taken into consideration in the analysis. The results of continuum and massless
extrapolations, displayed in Figs. 7 and 8, are in good agreement, even in proximity of the
massless limit, with those of this alternative analysis.
As pointed out in Ref. [67], some of the parameters in the EFTs are not well con-
strained by the global fit of measurements coming from 2-point functions only. Hence, we
do not report the individual best-fit results, which are affected by flat directions and large
correlations. Yet, in the same reference it is observed that some (non trivial) combinations
of the parameters may be determined well. One of the most interesting such quantities
is the coupling constant associated with the decay of a vector meson V (or v) into two
pseudoscalar mesons PS (ps). These couplings play the same role as the gρpipi in low-energy
QCD. The resulting values in the cases of fundamental and antisymmetric fermions are
gχVPP = 4.95(21)(8), and g
χ
vpp = 3.80(24)(16), (5.1)
respectively, where the suffix χ denotes the result of simultaneous continuum and massless
extrapolations. As shown in Fig. 10, the distributions of this quantity exhibit a regular
gaussian shape, from which we estimate the statistical uncertainty—the numbers in the first
parentheses of Eq. (5.1). The numbers in the second parentheses in Eq. (5.1) denote the
systematic errors of the fits, that we estimated by taking the maximum and minimum values
obtained from the set of data excluding the coarsest ensemble and including/excluding the
heaviest measurements.
The EFT analyses performed in this section is affected by several limitations—in partic-
ular by the quenched approximation and by the comparatively large fermion masses—and
thus one should interpret the results with some caution. Yet, it is interesting to com-
pare the EFT results with phenomenological models, and with available measurements
obtained with dynamical fermions transforming in the fundamental representation. We
first compare the EFT results in Eq. (5.1) with the ones predicted from the KSRF relation,
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gVPP = mV/
√
2mPS. We find that the left-hand side is smaller than the right-hand side
of this relation by about 10% and 23%, for the fundamental and antisymmetric represen-
tations, respectively. These discrepancies are larger than the uncertainties associated with
the fits, and might indicate that the KSRF relation does not describe the quenched theo-
ries accurately, particularly in the case of the antisymmetric representation, although this
statement is affected by uncontrolled systematic uncertainties due to the use of the EFT
with such large values of gVPP and gvpp, as well as large fermion masses. We also find that
for the fundamental representation the quenched value of gχVPP is smaller by 29% compared
to the dynamical value of gχVPP = 6.0(4)(2) [67], yielding again a discrepancy that is signif-
icantly larger than the fit uncertainties. It would be interesting to repeat these tests with
dynamical fermions in the antisymmetric representation, and in general to explore more
directly the low-mass regimes of all these theories, but these are tasks that we leave for
future extensive studies.
6 Conclusions and Outlook
Composite Higgs and (partial) top compositeness emerge naturally as the low-energy EFT
description of gauge theories with fermion matter content in mixed representations of the
gauge group. Motivated by this framework, we considered the Sp(4) gauge theory with Nf
Wilson-Dirac fermionsQ transforming in the fundamental representation of Sp(4), as well as
nf fermions Ψ in the 2-index antisymmetric representation. We generated lattice ensembles
consisting of gauge configurations by means of the HB algorithm, modified appropriately the
HiRep code [80], considered meson operators OM bilinear in these fermions (see Table 4 for
explicit definitions of the operators), and measured 2-point Euclidean correlation functions
of such operators on discrete lattices (and in the quenched approximation).
We hence extracted decay constants fM and massesmM of the flavoured mesons sourced
by the operators OM , withM = PS, V, AV, S, T, and AT (andM = ps, v, av, s, t, and at),
defined in Table 4. We renormalised the decay constants, expressed all dimensional quan-
tities in terms of the gradient-flow scale w0, and—having restricted attention to ensembles
for which finite-volume effects can be ignored—applied tree-level WχPT to extrapolate to-
wards the continuum and massless limits the results for mesons constituted of both fermion
species. We also performed a first global fit of the continuum results that makes use of the
EFT describing the lightest spin-1 states (besides the pseudoscalars). It is constructed by
extending with the language of hidden local symmetry the chiral-lagrangian description of
the pNGBs spanning the SU(2Nf )× SU(2nf )/Sp(2Nf )× SO(2nf ) coset.
Our main results for the physical observables in the continuum limit are listed in the
tables and plots in Secs. 4.3 and 4.4, and graphically illustrated in Sec. 4.5 (see in particular
Figs. 7 and 8). They can be summarised as follows. In the quenched approximation,
after extrapolation to the massless limit, all dimensional quantities extracted from 2-point
correlation functions involving operators constituted of Ψ fermions are larger than the
corresponding observables involving Q fermions. The two extremes are mˆ2s/mˆ2S = 1.18±0.13
and fˆ2av/fˆ2AV = 2.7± 1.1, respectively, with all other ratios between observables in the two
sectors falling between these two values. (Of particular interest for model-building are
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the ratios mˆ2v/mˆ2V = 1.46 ± 0.08 and fˆ2ps/fˆ2PS = 1.81 ± 0.04.) The error bars comprise
both statistical as well as systematic errors, the latter arising from the continuum and
massless extrapolations. Furthermore, we found statistically significant violations of the
KSRF relations by the mesons made of antisymmetric fermions, at least in the quenched
approximation. (Although the extraction of the gV PP and gvpp couplings from the global
fit of 2-point function data collected with large fermion mass to the EFT is affected by
unknown systematic effects, and hence this should be taken as a preliminary result.)
This paper opens the way towards addressing a number of interesting questions in future
related work. A first class of which is related to the comparison of the quenched calculations
to the full dynamical ones, in particular for the case of fermions in the antisymmetric repre-
sentation. While it was observed elsewhere [67] that the quenched approximation captures
remarkably well the dynamics of fundamental fermions (at least for the range of masses
hitherto explored), there is no clear reason for this to happen also in the antisymmetric
case, for which large-N arguments are less constraining. In order to address this point, one
would require to study the dynamical simulations with Ψ fermions, in the phenomenolog-
ically relevant low-mass ranges of the dynamical calculations, and also to generalise our
approach to Sp(2N) gauge theories. The reader may be aware of the possibility that, with
higher-dimensional representations and large numbers of fermion degrees of freedom, some
of the Sp(2N) theories we are interested in might be close to the edge of the conformal
window, and behave very differently. (For perturbative studies within the Sp(2N) class,
see for instance Ref. [108, 109] and references therein.)
The extensive line of research outlined in the previous paragraph complements the
development of our programme of studies in the context of top compositeness, that as
outlined in Ref. [62] requires to consider the dynamical theory in the presence of mixed
representations. This is a novel area of exploration for lattice gauge theories, for which the
literature is somewhat limited (see for instance Refs. [21, 27, 29, 33, 38]). New fermion
bound states, sometimes referred to as chimera baryons, can be sourced by operators that
involve gauge-invariant combinations of fermions in mixed representations. (The anomalous
dimensions of chimera baryons are discussed for example in [40, 61, 110].) The study of
these states is necessary in the context of top compositeness, as they are interpreted as top
partners.
A third group of future research projects can be envisioned to explore the role of higher-
dimensional operators, for which the material in the Appendix of this paper is technically
useful. These operators play a role in determining the physics of vacuum (mis-)alignment
and of electroweak symmetry breaking, as their matrix elements enter the calculation of the
potential in the low-energy EFT description. These studies would provide an additional link
to phenomenological investigations of composite Higgs models, bringing lattice calculations
in close contact with model-building considerations and searches for new physics at the
Large Hadron Collider (LHC).
Finally, it would be interesting to investigate the finite temperature behaviour of these
theories. As discussed in Appendix E.1, it is important to characterise symmetry restoration
and symmetry enhancement that appear at high temperature, generalising what has been
studied about QCD to the case of real and pseudo-real representations, for which the group
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structure of the global symmetries and their breaking is expected to be different.
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A Spinors
We summarise in this Appendix our conventions in the treatment of spinors, which are
useful, for example, in switching between the 2-component and the 4-component notation
(see also Ref. [50]). The former is best suited to highlight the symmetries of the system,
while the latter is the formalism adopted as a starting point for the lattice numerical
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treatment. We highlight some important symmetry aspects that offer insight in the theories
studied in this paper.
For 2-component spinors, we use the Pauli matrices, denoted as τ i, with i = 1, 2, 3, and
τ1 =
(
0 1
1 0
)
, τ2 =
(
0 −i
i 0
)
, τ3 =
(
1 0
0 −1
)
. (A.1)
Given a 2-component spinor u, with no internal quantum numbers, we define the C-
conjugate uC ≡ iτ2u∗ ≡ −C˜u∗. Furthermore, we introduce the notation σµ ≡ (12,−τ i)
and σ¯µ ≡ (12, τ i).
We adopt conventions in which the space-time Minkowski metric is
ηµν ≡

1
−1
−1
−1
 = ηµν . (A.2)
The Dirac algebra is defined by the anti-commutation relation
{γµ, γν} = 2ηµν , (A.3)
with the 4×4 matrix γ0 hermitian, while the three γi are anti-hermitian, so that γ0γµγ0 =
γµ †. Chirality is defined by the eigenvalues of the matrix γ5 ≡ iγ0γ1γ2γ3, that satisfies the
relation {γµ , γ5} = 0.
The charge-conjugation matrix C = iγ2γ0 obeys the defining relations CγµC−1 =
−γµT and C2 = −14 = −CC†. The chiral representation of the γµ matrices is
γ0 =
(
0 12
12 0
)
, γi =
(
0 −τ i
τ i 0
)
, γ5 =
(
12 0
0 −12
)
, C =
(
−iτ2 0
0 iτ2
)
,(A.4)
which implies the useful relations
γ0γµ =
(
σ¯µ 0
0 σµ
)
, Cγ0γµC−1 =
(
σµ 0
0 σ¯µ
)
. (A.5)
We also define the matrices
σµν ≡ i
2
[
γµ , γν
]
, (A.6)
which obey the relations [γ5 , σµν ] = 0, γ0σµνγ0 = (σµν)† and γ5σµν = i2
µνρσσρσ, where
µνρσ is the completely antisymmetric Levi-Civita symbol. In the chiral representation for
the γµ matrices, the six σµν matrices are block-diagonal and can be written as
σµν =
(
σµνLL 0
0 σµνRR
)
, σµνγ5 =
(
σµνLL 0
0 −σµνRR
)
= γ5σ
µν . (A.7)
By isolating the spatial indices i, one finds that
σ0i = i
(
τ i 0
0 −τ i
)
, σij = ijk
(
τk 0
0 τk
)
. (A.8)
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We introduce the notation λ¯ ≡ λ†γ0. A single Majorana spinor λ obeys the relation
λ = ±λC ≡ ±Cλ¯T ≡ ±Cγ0λ∗ = ±iγ2λ∗. We conventionally resolve the ± ambiguity by
the choice of the + sign. Starting from a 2-component spinor u, a 4-component Majorana
spinor is
λ =
(
u
iτ2u∗ ≡ −C˜u∗
)
, (A.9)
so that λ = λC . The left-handed (LH) chiral projector is PL = 12 (14 + γ5), so that a
4-component LH chiral spinor λL = PLλ satisfies PLλL = λL. Analogous definitions apply
to the right-handed (RH) projector PR and spinor λR. The decomposition in LH and RH
4-components chiral Weyl spinors is given by
λL =
(
u
0
)
, λR =
(
0
iτ2u∗ ≡ −C˜u∗
)
, (A.10)
and yields the relations λL = CλR
T and λL = λ TR C = −λ TR C−1. Clearly, u, λ, λL and λR
are different ways to encode the same information.
Consider two distinct, 2-component spinors u and d, with no additional internal degrees
of freedom (aside from the spinor index α = 1, 2). When taken together, they naturally
define the fundamental representation of a global U(2) symmetry. Their components are
described by Grassmann variables, satisfying the two non-trivial relations7
uα ∗dβ = −dβuα ∗ ,
(
uα ∗dβ
)∗
= dβ ∗uα , (A.11)
and analogous for all other combinations.
A Dirac 4-component spinor is obtained by joining the LH projection of the Majorana
spinor built starting from u and the RH projection of the Majorana spinor corresponding
to d, so that Q = UL +DR with
UL ≡
(
u
0
)
, DR ≡
(
0
−C˜d∗
)
, DL ≡
(
d
0
)
, UR ≡
(
0
−C˜u∗
)
, (A.12)
and QC ≡ CQT = Cγ0Q∗ = DL + UR, while QC = QTC.
By inspection, one finds that the following relations hold true:
QPLQ = DRUL = d
TC˜u , (QPLQ)
∗ = QPRQ = −u†C˜d∗ ,
QCPLQC = URDL = u
TC˜d , (QCPLQC)
∗ = QCPRQC = −d†C˜u∗ ,
QPLQC = DRDL = d
TC˜d , (QPLQC)
∗ = QCPRQ = −d†C˜d∗ , (A.13)
QCPLQ = URUL = u
TC˜u , (QCPLQ)
∗ = QPRQC = −u†C˜u∗ ,
7The first one is the defining relation of anticommuting Grassmann variable, while the second is required
for consistency of the definition of absolute value as a real number ξ∗ξ = (ξ∗ξ)∗ 6= 0.
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and by using the γµ matrices, one also finds the relations
QγµPLQ = ULγ
µUL = u
†σ¯µu , (QγµPLQ)T = −QCγµPRQC = −uTσ¯µ ∗u∗ ,
QCγ
µPLQC = DLγ
µDL = d
†σ¯µd , (QCγµPLQC)T = −QγµPRQ = −dTσ¯µ ∗d∗ ,
QγµPLQC = ULγ
µDL = u
†σ¯µd , (QγµPLQC)T = −QγµPRQC = −dTσ¯µ ∗u∗ , (A.14)
QCγ
µPLQ = DLγ
µUL = d
†σ¯µu , (QCγµPLQ)T = −QCγµPRQ = −uTσ¯µ ∗d∗ ,
as well as
(QγµPLQ)
∗ = QγµPLQ ,
(QCγ
µPLQC)
∗ = QCγµPLQC ,
(QγµPLQC)
∗ = QCγµPLQ , (A.15)
(QCγ
µPLQ)
∗ = QγµPLQC .
By definition, the transpose of a C-number is trivial, and hence ξAχ = (ξAχ)T ≡
−χTATξT, for any ξ, χ spinor written in terms of Grassmann variables, and A any matrix
of C-numbers. This implies the relation:
QPLQ − QCPLQC = dTC˜u − uTC˜d = 0 , (A.16)
which will be useful later. Some algebra shows that the following identity between real
numbers holds:
1
2
(
iQγµ∂µQ − i∂µQγµQ
)
=
1
2
2∑
j=1
(
iqj †σ¯µ∂µqj − i∂µqj †σ¯µqj
)
, (A.17)
where qj = (u , d), and where the U(2) = U(1) × SU(2) global symmetry is now made
manifest. This is adopted as the kinetic term of the Dirac spinor Q.
The Lagrangian density for the Dirac spinor Q admits also a mass term. By virtue
of the relations C˜† = −C˜ = C˜T, and by the Grassmann nature of the spinors, it can be
written in terms of the symmetric matrix ω ≡ τ1:
−MQQ = −M
(
ULDR + DRUL
)
= −M
(
− u†C˜d∗ + dTC˜u
)
= −1
2
M
(
− u†C˜d∗ − d†C˜u∗ + uTC˜d + dTC˜u
)
= −1
2
M
∑
jk
ωjk
(
qj TC˜qk − qj †C˜qk ∗
)
. (A.18)
This term breaks the symmetry to the subgroup O(2) ∈ U(2).8
8If the spinors have additional, internal degrees of freedom, their anticommuting nature, which ultimately
descends from Fermi-Dirac statistics, might enforce to antisymmetrise over them, and can lead to the
replacement of the symmetric ω with an anti-symmetric Ω. Such is indeed the case if Q transforms in the
fundamental of Sp(2N), for example. Alternatively, if one has to antisymmetrise in two gauge indices, as in
the case discussed in Ref. [111], and also in the case relevant to the Ψ spinors on the antisymmetric 2-index
representation, symmetry breaking is, once more, controlled by the symmetric matrix ω.
– 45 –
The real Lagrangian density of a single Dirac fermion is then
L = 1
2
(
iQγµ∂µQ − i∂µQγµQ
)
− MQQ = Q
(
iγµ∂µ −M
)
Q + ∂µ
(
· · ·
)
(A.19)
=
1
2
∑
j
(
iqj †σ¯µ∂µqj − i∂µqj †σ¯µqj
)
− 1
2
M
∑
jk
ωjk
(
qj TC˜qk − qj †C˜qk ∗
)
, (A.20)
the first line of which (by ignoring the surface term) yields the Dirac equation:(
iγµ∂µ −M
)
Q = 0 . (A.21)
Equation (A.20) can be generalised by adding a symmetricMjk Majorana mass matrix
via the replacementMωjk →Mjk in the 2-component formulation:
2L′M =
∑
j
(
iqj †σ¯µ∂µqj − i∂µqj †σ¯µqj
)
−
∑
jk
(
Mjkqj TC˜qk −M∗jkqj †C˜qk ∗
)
.(A.22)
The Majorana mass term can then be written also in terms of 4-component Dirac spinors
by applying the projector PL and C along the lines of Eq. (A.13), as follows
L′ = −1
2
(
(PLQ)
T, (PLQC)
T
)
CM
(
PLQ
PLQC
)
+ h.c. , (A.23)
where the matrixM is defined as
M =
(
Muu Mud = 12(Ms +Ma)
Mdu = 12(Ms −Ma) Mdd
)
. (A.24)
If there are no other internal degrees of freedom, M is symmetric, with Mud = Mdu. In
the language of U(2), the product of two doublets naturally decomposes as 3⊕ 1 of U(2):
3 ∼
 QCPLQ = u
TC˜u
1
2
(
QPLQ+QCPLQC
)
= 12
(
dTC˜u+ uTC˜d
)
QPLQC = d
TC˜d
 , (A.25)
1 ∼ 1
2
(
QPLQ−QCPLQC
)
=
1
2
(
dTC˜u− uTC˜d
)
. (A.26)
The latter vanishes in the absence of additional degrees of freedom, due to Eq. (A.16).
B A note about massive vectors
A massive vector of mass m in D = 4 space-time dimensions can be described by two
equivalent quantum theories, with different field content and Lagrangian densities (see for
instance the detailed discussions in Refs. [112–115] and references therein).
• A vector field Aµ couples to a scalar field pi, with Lagrangian density
L0 = −1
4
FµνF
µν − 1
2
(
∂µpi +mAµ
)(
∂µpi +mAµ
)
, (B.1)
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where Fµν = ∂µAν − ∂νAµ. L0 is invariant under the gauge transformations
pi → pi +mα , Aµ → Aµ − ∂µα , (B.2)
with α = α(x). The gauge choice α = −pi/m removes pi from the Lagrangian density,
which then depends only on a massive vector field.
• A 2-index antisymmetric form Bµν is coupled to a vector Aµ (not to be confused with
Aµ), and the Lagrangian density is
L1 = − 1
12
GµνρG
µνρ − 1
4
HµνHµν , (B.3)
where Fµν ≡ ∂µAν − ∂νAµ, Hµν ≡ Fµν +mBµν and Gµνρ ≡ ∂µBνρ + ∂ρBµν + ∂νBρµ.
The Lagrangian L1 is invariant under the gauge transformation
Aµ → Aµ +mαµ , Bµν → Bµν − ∂µαν + ∂ναµ , (B.4)
with the vector αµ = αµ(x). The gauge choice αµ = −Aµ/m removes Aµ from the
Lagrangian density, which then depends only on a massive 2-form field.
The Lagrangian L1 can also be rewritten, by defining Kµν ≡ 12mµνρσHρσ, in the form
L1 = 1
2
∂αKµα∂βKµβ +
m2
4
KµνKµν . (B.5)
Gauge invariance is not manifest in this form. The Lagrangians L0 and L1 are equivalent
at the level of the path integrals they define [112–115]. Hence, the use of anti-symmetric
massive 2-index tensors provides an alternative, equivalent descriptions of massive vectors.
In physical terms, there is no difference between these two (or rather, three) formula-
tions. Important differences are introduced by the coupling to matter fields and sources.
For example, one can couple fermions to Aµ via the new term
LA = igQ¯γµAµPLQ , (B.6)
with Q a Dirac fermion and g the coupling. For the antisymmetric tensor, one may write
LB = gQ¯σµνBµνPLQ . (B.7)
While LA couples the spin-1 field to the LH component only of Q, in LB the LH and RH
projections are coupled to one another, so that while L0 and L1 in isolation define the same
theory, the addition of LA or LB leaves different global symmetries and different coupled
theories.
C About Lie groups, algebras and SM embedding
Here we summarise some group theory notions relevant for models of composite Higgs and
top quark compositeness based on the SU(4)/Sp(4)⊗ SU(6)/SO(6) coset [12, 43]. We do
not repeat unnecessary details—in particular, our special choice of SU(4) generators can be
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found elsewhere [50]—but we explicitly show the embedding of the SM gauge group (and
fields, when useful).
The SU(4)/Sp(4) coset governs the Higgs sector of the Standard Model. Given the
form of Ω in Eq. (2.5), the unbroken subgroup SO(4) ∼ SU(2)L × SU(2)R is the subset
of the unbroken global Sp(4) ⊂ SU(4) that is generated by the following elements of the
associated algebra:
T 1L =
1
2

0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0
 , T 2L = 12

0 0 −i 0
0 0 0 0
i 0 0 0
0 0 0 0
 , T 3L = 12

1 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0
 , (C.1)
T 1R =
1
2

0 0 0 0
0 0 0 1
0 0 0 0
0 1 0 0
 , T 2R = 12

0 0 0 0
0 0 0 −i
0 0 0 0
0 i 0 0
 , T 3R = 12

0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 −1
 . (C.2)
The TL generators satisfy the SU(2)L algebra
[
T iL , T
j
L
]
= iijk T kL, and similarly
[
T iR , T
j
R
]
=
iijk T kR, while
[
T iL, T
j
R
]
= 0. In the vacuum aligned with Ω in Eq. (2.5), this is the natural
choice of embedding of the SO(4) symmetries of the Higgs potential. Following the notation
in Refs. [50, 62], the matrix of the 5 pNGB fields parametrising the SU(4)/Sp(4) coset is
pi(x) =
1
2
√
2

pi3(x) pi1(x)− ipi2(x) 0 −ipi4(x) + pi5(x)
pi1(x) + ipi2(x) −pi3(x) ipi4(x)− pi5(x) 0
0 −ipi4(x)− pi5(x) pi3(x) pi1(x) + ipi2(x)
ipi4(x) + pi5(x) 0 pi1(x)− ipi2(x) −pi3(x)
 .(C.3)
The real fields pi1, pi2, pi4, and pi5 combine into the Higgs doublet, while pi3 is a SM singlet.
The SU(6)/SO(6) coset is relevant to top compositeness. The choice of nf = 3 Dirac
fermions on the 2-index antisymmetric representation of Sp(4) matches the number of
colours in the SU(3)c gauge group of the standard model. The natural subgroup SU(3)L×
SU(3)R ⊂ SU(6) is generated by
tBL =
1
2
(
λB 03
03 03
)
, tBR =
1
2
(
03 03
03 −λB∗
)
, (C.4)
with λB the eight hermitian Gell-Mann matrices, normalised according to the relation
TrλAλB = 2δAB (so that Tr tALt
B
L =
1
2δ
AB).
By defining tBc ≡ (tBL + tBR), with the choice of ω in Eq. (2.5), one can verify that
ωtBc + t
BT
c ω = 0, that the structure constants
[
tAc , t
B
c
]
= ifABCtCc are those of the su(3)c
algebra, and that Tr tAc tBc = δAB is twice the fundamental. The latter property is due to
the fact that we are writing the SU(3)c generators as 6×6 matrices acting on 2-component
spinors. We hence identify tBc as the generators of the SU(3)c gauge symmetry of the
Standard Model. An additional, independent, unbroken generator of SU(6) is given by
X ≡
(
13 03
03 −13
)
, (C.5)
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which also commutes with the generators of SU(3)c. The generator Y of the hypercharge
U(1)Y gauge symmetry of the Standard Model is a linear combination of X and T 3R (see
also Ref. [36] and references therein).
C.1 Weakly coupling the SM gauge group
In this Appendix, we perform a technical exercise. We compute the (divergent) contribu-
tions to the effective potential due to the gauging of the relevant SM subgroups of the global
SU(4) × SU(6) symmetry, and discuss their effects on the potential of the pNGBs. The
purpose of this exercise is to show explicitly how by gauging part of the global symmetry
one breaks it. We also identify the decomposition of the representations according to the
unbroken subgroup.
We adopt the external field method, and borrow the regulated Coleman-Weinberg
potential V1 from Ref. [116], computed by assuming that a hard momentum cut-off Λ is
applied to the 1-loop integrals. With our conventions we write
V1 =
Λ2
32pi2
STrM2 + 1
64pi2
STr
[
(M2)2 logM
2
Λ2
+ ci
]
, (C.6)
where in the trace STr fermions have negative weight, and where ci are scheme-dependent
coefficients. The matrix M2 is obtained as follows: consider Li in Eq. (2.13), gauge the
relevant subgroups, by promoting the derivatives to covariant derivatives, and compute the
mass matrices of all the fields, as a function of the (background, external) scalar fields.
When applied to the SU(4)/Sp(4) part of the theory (and for M = 0), this procedure
involves only loops of gauge bosons, and yields a quadratically divergent contribution to
the mass of four of the pNGBs—labelled pi1, pi2, pi4 and pi5 in Eq. (C.3):
δ4m
2
pi =
Λ2
32pi2
(
9
2
g2L +
3
2
gR
)
, (C.7)
where gL is the coupling associated with the SU(2)L group with generators in Eqs. (C.1),
while gR is the coupling associated with the U(1)R subgroup generated by T
3
R from Eqs. (C.2).
The four masses are exactly degenerate, and the mass of pi3 does not receive a correction,
as it is associated with a generator that commutes with SU(2)L×SU(2)R, and is hence left
unbroken by the weak gauging of the SM gauge group—in practice, the mass of pi3 arises
for M 6= 0 due to the explicit breaking of the global symmetry of the Lagrangian.
When applied to the 20 pNGBs that describe the SU(6)/SO(6) coset, the loops involve
the SU(3)c gauge bosons, with the embedding chosen in this Appendix, and strength gS ,
as well as the U(1)X gauge boson generated by Eq. (C.5), with strength gX . We find that
the mass of 12 pNGBs—transforming as 6C of SU(3)c—receive the quadratically-divergent
contribution
δ12m
2
pi =
Λ2
32pi2
(
10g2S + 24g
2
X
)
, (C.8)
and the other 8, which form the adjoint of SU(3)c, receive the mass correction
δ8m
2
pi =
Λ2
32pi2
(
9g2S
)
. (C.9)
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Figure 11. Topological charge history (left), and histogram (right), for the ensemble QB5. Fitted
parameters are Q0 = −3.17(31), σ = 4.53(31), and τexp = 9.2(1).
Measurement QB5FM2 QB5¯FM2
amPS 0.1850(4) 0.1848(3)
amV 0.2680(15) 0.2722(17)
amAV 0.449(7) 0.437(7)
amS 0.428(6) 0.437(7)
amT 0.2685(23) 0.2676(25)
amAT 0.450(9) 0.448(9)
a fPS 0.03740(16) 0.03765(13)
a fV 0.0637(8) 0.0646(9)
a fAV 0.0749(27) 0.0682(21)
Table 19. Masses and (renormalised) decay constants, in lattice units, extracted from the mea-
surements QB5FM2 and QB5¯FM2. In parenthesis are reported the statistical errors.
The complex 6C of SU(3)c has non-trivial U(1)X charge, while the 8 real components of
the adjoint representation of SU(3)c have vanishing U(1)X charge. All 20 pNGBs receive
also a degenerate, explicit contribution to their mass, which is controlled by m.
D Topological charge history and mesonic spectral observables
This Appendix reports some technical details and supplementary numerical studies that
are not used in the main body of the paper. We saw in Sec. 3.2 that finer lattice spacings
were associate with longer autocorrelation times of the topological charge Q (see Fig. 2),
with the ensemble with the finest lattice spacing (which we denoted by QB5) showing a
particularly long autocorrelation time and a marginal central value of Q. To verify that this
observation does not affect our main results, we produce a second set of 2400 additional
trajectories with the same lattice parameters for QB5, which we call QB5¯. In Figure 11
we report the topological history and statistical distribution of QB5¯. The behaviour of the
topological charge is consistent with ergodicity.
We measure, in the quenched approximation, the masses and (renormalised) decay
constants for mesons built of fermions Q transforming in the fundamental representation
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Particle Mass IGJPC Hadronic
(MeV) Decay Mode(s)
f0(500) 500 0
+0++ pipi
f0(980) 980 0
+0++ pipi
η 548 0+0−+ pipipi (∆I)
η′ 960 0+0−+ ηpipi
ω 783 0−1−− pipipi
φ 1019 0−1−− KK
f1(1285) 1282 0
+1++ 4pi, ηpipi
f1(1420) 1426 0
+1++ K∗K,KKpi
h1 1170 0
−1+− ρpi
h′1 1440[118] 0−1+− K∗K
ω(1420) 1420 0−1−− ρpi
φ(1680) 1680 0−1−− K∗K
pi 135 1−0−+ —
a0 980 1
−0++ ηpi
ρ 775 1+1−− pipi
a1 1230 1
−1++ ρpi, pipipi
b1 1230 1
+1+− ωpi
ρ(1450) 1465 1+1−− pipi
Table 20. Light mesons with S = C = B = 0 in QCD [117, 118], their approximate masses, and
quantum numbers. Charge conjugation C refers to the neutral component in multiplets including
electrically charge particles, and G ≡ C(−1)I for the whole multiplet. We show also representative
hadronic decay modes. The three-body decay of η violates isospin, and hence G-parity, and yields
Γ/M ∼ 10−5.
of Sp(4). The results are shown in Table 19. We compare the measurements in QB5FM2
(used in the main analysis in the body of the paper) with the ones from the ensemble QB5¯
with the same fermion mass (denoted QB5¯FM2). The two sets of measurements are in
agreement, within statistical errors, with all nine measurements within 1σ and 2σ of each
other. Notice that systematic uncertainties are not included. In the body of the paper we
did not include QB5¯ in the analysis.
E Global symmetries and classification of mesons
In this Appendix, we review some symmetry properties of the mesons in more general
gauge theories of relevance as candidates for the microscopic origin of CHMs. We discuss
the cosets that control the long-distance behaviour of the theory at low temperature, and
describe patterns of symmetry restoration and symmetry enhancement at high temperature.
We keep the discussion as general as possible, but occasionally exemplify our observations
with the specific case of the Sp(4) gauge theory with Nf = 2 and nf = 3.
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Given a Lie group G and its subgroup H, a generic element g of the associated Lie
algebra G can be decomposed as g = h+ k, with h ∈ H an element of the algebra associated
with H, and k ∈ K an element of the complement of H in G. The coset space G/H is said
to be symmetric if, for all possible choices of h and k, the following properties are true:
[h , h] ∈ H , [h , k] ∈ K , [k , k] ∈ H . (E.1)
These properties define in an unambiguous way an unbroken, multiplicative Z2 symmetry,
which we can call G-parity, which is compatible with the Lie algebra, and upon which k is
assigned G-parity −, while h is assigned G-parity +.
Three classes of cosets are commonly considered in the CHM context (see for instance
Table I in Ref. [36]). They all emerge from gauge theories at the microscopic level.
• SU(Nf )L × SU(Nf )R/SU(Nf )V cosets are, for example, realised in SU(N) gauge
theories with Nf fundamental Dirac fermions.
• SU(2Nf )/Sp(2Nf ) cosets are, for example, realised in Sp(2N) gauge theories with
Nf fundamental Dirac fermions.
• SU(2Nf )/SO(2Nf ) cosets are, for example, realised in Sp(2N) gauge theories with
Nf Dirac fermions transforming in the 2-index antisymmetric representation.
All these cosets are symmetric, and the resulting G-parity is a symmetry of the theories. It
allows selection rules for scattering and decay processes to be established. We now discuss
each of these possibilities in some detail, with emphasis on the properties of the mesons
associated with the theories they emerge from.
We begin by reviewing the case of the SU(3) gauge theory with Nf = 2 light flavours.
It describes the light mesons in QCD. The associated coset is SU(2)L × SU(2)R/SU(2)V .
Much of what one learns from this theory is applicable to the other symmetric cosets
listed above, with modifications that will be discussed later. In Table 20, we report some
information about light QCD mesons with S = C = B = 0, taken from the Particle Data
Group [117]. We found Refs. [123–129], Ref. [130], and Appendix B in Ref. [131] particularly
useful for the discussion that follows.
It is conventional to denote the states of QCD by the quantum numbers IGJPC , where
I is the isospin (the representation of the unbroken SU(2)V ) and J the spin. The assign-
ment of G-parity for the isotriplets coincides with the traditional G-parity: it is related
to charge-conjugation C of the neutral component in an isomultiplet, and the isospin I of
the isomultiplet, by the relation G ≡ C(−1)I , hence providing a link between the internal
symmetry described above and a space-time symmetry. A second subtle link between in-
ternal and space-time symmetries involves the notion of spatial parity P ; the SU(2)L and
SU(2)R symmetries act, respectively, on the LH and RH projections of the spinors, while
the unbroken subgroup is the (vectorial) symmetric combination of the two.
We start the discussion from the isotriplets I = 1. The pions pi and axial-vectors a1
are, respectively, the lightest spin-0 and spin-1 states, and are associated with the broken
generators of the global symmetry, so that they have G = −; the vector mesons ρ are
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associated with the unbroken group SU(2)V , and have G = +. As a result, the ρ decays
to two pi’s, while the a1 decays to three pi’s (or also one pi and one ρ). G-parity is a
useful practical tool: while ρ and a1 particles both transform in the adjoint representation
of the unbroken SU(2)V (isospin)—the unbroken subgroup and the coset have the same
dimension—they are distinguished unambiguously by the different assignments of G, and
hence they decay in different ways.
The global symmetries naturally extend to U(2)L × U(2)R/U(2)V . The additional
unbroken vectorial U(1)B is baryon number, and all mesons have vanishing U(1)B charge.
The broken, anomalous, global, axial U(1)A symmetry plays an interesting role in relation
to parity P . The axial U(1)A partners of the pions pi, named a0, have the same G-parity,
but opposite P . If the U(1)A were exact, pi and a0 would be degenerate.
In the J = 1, I = 1 sector, the role played by the U(1)A symmetry is more subtle.
The ρ and a1 mesons are sourced by bilinear operators V and AV, in which spinor indices
are contracted on the γµ and γµγ5 matrices, respectively. Such operators involve either
two LH or two RH chiral spinors: the action of U(1)A leaves them both invariant, as they
are two independent singlets of U(1)A. But there is an important complication, as massive
vectors in four dimensions can equivalently be described by 2-index antisymmetric tensors
(see Appendix B and references therein). Two additional sources of spin-1 states T and
AT are obtained by contracting the spinor indices on σµν and σµνγ5, respectively. The two
operators T and AT couple the LH and RH chiral projections of the fermions, in a way that
is similar to the J = 0 isotriplet operators PS and S, that source the pi and a0 particles.
They form a doublet of the U(1)A ∼ O(2) symmetry.
Because of symmetry breaking, the operator T (built with σµν) has the same quantum
numbers IGJPC = 1+1−− as the source V (built from γµ). The lightest and next-to-lightest
states in this channel (ρ and ρ(1450) in Table 20) can approximately be thought of as
resulting from the mixing of two states that have different SU(2)L×SU(2)R transformation
properties, and are sourced by different operators V and T. The U(1)A partner of the
combination of ρ and ρ(1450) sourced by T is denoted by b1 (see again Table 20), and
sourced by AT.
Because we are also comparing with real-world QCD, we should notice that the isosin-
glet I = 0 sector is complicated by the fact that real-world light mesons are better explained
by a model in which one includes 2 + 1 quarks, including the heavier strange quark s. The
isosinglet mesons include an additional tower of states, due to mixing with the (s¯s) singlet.
In Table 20, this results in the doubling of states with I = 0 in respect to the I = 1 case,
as we chose to retain pairs of mesons with identical quantum numbers. The G-parity as-
signment of each isosinglet state is the opposite of that of the corresponding isotriplet with
the same JPC . Notice in the table that the decay of the η to 3pi violates G-parity: it yields
a suppressed rate Γ, with Γ/M ∼ 10−5, and originates from explicit breaking of isospin in
real-world QCD, in which, for instance, up and down quarks are not degenerate in mass.
The I = 0 and J = 0 lightest states are the f0(500)/f0(980) and their U(1)A partners,
the η/η′ pair. The I = 0 and J = 1 sector contains the pairs ω/φ, f1(1285)/f1(1420),
h1/h
′
1, and ω(1420)/φ(1680). The four of them play the same roles as, respectively, the ρ,
a1, b1, and ρ(1450) mesons, in the isotriplet case. One linear combination of the two ω/φ
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pairs is sourced by the bilinear operator T, which forms a doublet of U(1)A with the source
AT of the h1/h′1 pair.
Let us see how these considerations have to be modified for enlarged cosets. (Both the
SU(2Nf )/Sp(2Nf ) and SU(2Nf )/SO(2Nf ) contain the SU(Nf )L × SU(Nf )R/SU(Nf )V
subspace, enhanced because of the (pseudo-)real nature of the underlying fermion repre-
sentations.) The unbroken baryon number U(1)B is a subset of the unbroken part of these
two cosets, rather than commuting with it. Diquark operators hence source mesons, that
complete the representation of SU(Nf )V into full representations of the unbroken Sp(2Nf )
or SO(2Nf ). The unbroken group and the coset have in these cases different dimension,
so that representations with different G-parity have different dimensionality as well (see
Table 4 for instance), rendering G-parity redundant, at least as a way to distinguish among
them.
We conclude by discussing explicitly the general form of the operators to be used as
sources. We start from a 2-component spinor χ transforming in the fundamental repre-
sentation of the global SU(2Nf ) symmetry group. A spin-0 local operator J0 takes the
schematic form χTC˜χ. The product of two fundamental decomposes as
2Nf ⊗ 2Nf = [Nf (2Nf − 1)]⊕ [Nf (2Nf + 1)] , (E.2)
into the 2-index antisymmetric and symmetric representations of SU(2Nf ), respectively.
Furthermore, depending on whether the unbroken subgroup is Sp(2Nf ) or SO(2Nf ), either
the antisymmetric or the symmetric combination is reducible, and further decompose into
the unbroken subgroup by projecting one element along the elementary symplectic matrix
Ω, or the symmetric ω, respectively. Excitations sourced by this operator correspond to the
f0 of QCD-like theories, while those along the complement correspond to the PS flavoured
states (the pi of QCD). The representation that is irreducible, instead, would coincide with
the adjoint of the unbroken subgroup, except that it vanishes because of Fermi statistics—
unless one considers non-local operators.
Along the same lines, the spin-1 local operator J1 schematically reads χ†σ¯µχ, and the
decomposition in SU(2Nf ) takes the form
2Nf ⊗ 2Nf = 1⊕
[
4N2f − 1
]
. (E.3)
After decomposition into the representations of the unbroken subgroup, the adjoint splits
into its anti-symmetric and symmetric parts, and hence one ultimately finds the same
decomposition as in the spin-0 case. This property descends from the (pseudo-)real nature
of Sp(2Nf ) and SO(2Nf ), that do not distinguish the fundamental representation 2Nf from
its conjugate. It is useful to notice that the four operators V, T, AV, and AT states source
only one state that is a singlet. This is different from the SU(Nf )L×SU(Nf )R/SU(Nf )V ,
where each of the four operators sources a singlet of the unbroken group: the three additional
J = 1 states are part of the irreducible representations sourced by V, T, and AT.
Summarising for the SU(2Nf )/Sp(2Nf ) and SU(2Nf )/SO(2Nf ) cases: pseudoscalar
PS and axial-vector AV multiplets have the same degeneracies, as do the flavoured scalar
S—the U(1)A partners of the PS states. The vector states V belong to a different repre-
sentation of the unbroken group common also to the antisymmetric tensor T, as well as
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to its U(1)A partner AT. In the unbroken Sp(2Nf ) case, the V, T and AT mesons span a
complete symmetric representation of Sp(2Nf ), with PS, S, and AV on the (antisymmetric)
complement. The reverse is true in the case of SO(2Nf ) (see again Table 4). In both cases,
the singlet sector is simpler: it consists of two spin-0 states forming a U(1)A doublet, and
of one isolated spin-1 singlet state.
E.1 Symmetry restoration and enhancement
At high temperatures, the fermion condensates melt, leading to restoration of the global
symmetries. Both the non-abelian SU(2Nf ) (or SU(Nf ) × SU(Nf )) global symmetry, as
well as the abelian U(1)A symmetry are restored [119] (see also [120–122] for progress on
Nf = 2 lattice QCD). As a consequence of the former, one might find that the states sourced
by V and AV operators become degenerate (the ρ and a1 in the QCD-like case). Because of
the latter, U(1)A multiplets should become degenerate, for example the states sourced by
PS and S operators (the pi and a0 mesons in the QCD-like case). See for instance Ref. [50]
and references therein.
Recent studies have emerged suggesting that, because the thermal bath reduces the
space-time symmetries, the global internal symmetry is further enhanced, with the emer-
gence of a new chiral-spin symmetry that combines with the global symmetries. We refer
the reader to Refs. [123–129] for this research field, in which the specific case of the QCD-
like, SU(3) theory with Nf = 2 is discussed in great detail, and numerical evidence of the
emergence of a SU(4) global symmetry is exposed, in the channels with spin J > 0. In
the following, we limit ourselves to producing a summary of what would be the (testable)
expectations in the three main cosets of interest to CHMs, if the corresponding symmetry-
restoration and symmetry-enhancement patterns were to be confirmed.
• The SU(Nf )L×SU(Nf )R/SU(Nf )V cosets can emerge, at T = 0, from theories with
complex representations, for example the SU(N) gauge theories with Nf fundamental
Dirac fermions. These cosets are accompanied by the anomalous U(1)A = U(1)L ×
U(1)R/U(1)B abelian coset. At high temperatures, the global U(Nf )L × U(Nf )R
symmetry is restored, and enhanced to U(2Nf ) = U(1)A × SU(2Nf ). For example,
in the Nf = 2 case that approximates QCD, in the J = 1 sector, four of the I = 1
states (the two lightest ρ, the a1, and the b1) and four of the I = 0 states (the two
ω/φ, the f1/f ′1, and the h1/h′1) have been measured to become degenerate, which
would be compatible with forming a complete 16-dimensional adjoint representation
of the U(1)×SU(4) enhanced global symmetry group [123–130]. In the J = 0 sector,
this symmetry is not manifest: the pi and a0 combine with the f0/f ′0 and the η/η′ to
form 2N2f degenerate states, the adjoint of the symmetry group U(Nf )L × U(Nf )R.
(It would require an additional 2N2f components, two copies of the adjoint of U(Nf ),
to complete the adjoint of U(2Nf ).)
• The SU(2Nf )/Sp(2Nf ) cosets can emerge, at T = 0, from theories with pseudo-real
representations, for example the Sp(2N) gauge theories with Nf Dirac fundamental
fermions. In addition, the anomalous U(1)A is also spontaneously broken. What
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would have been the unbroken U(1)B associated with baryon number in the case of
complex representations is now a subgroup of the non-anomalous Sp(2Nf ). Going to
high temperature, the symmetry is expected to be first restored and then enhanced
to Sp(4Nf ). For example, in the Nf = 2 case, in the J = 1 sector of the spectrum,
the 10 V and 10 T mesons (which include both the correspondent of the ρ and ω/φ of
QCD), the 5 AV mesons (corresponding to the a1), the 10 AT mesons (which include
both states corresponding to the b1 and h1/h′1 of QCD) and the singlet vector state
(corresponding to the f1/f ′1), form a complete, 36-dimensional adjoint representation
of Sp(8). The J = 0 sector is not expected to show high-T symmetry enhancement.
PS flavoured states combine with the singlet to form the antisymmetric representation
(in the QCD analogy, they correspond to the pi and the f0/f ′0), and their U(1)A
partners (the a0 and the η/η′ in QCD) combine to form the complex, antisymmetric
2-index representation of SU(2Nf ), which has dimension 2×Nf (2Nf − 1). (It would
require finding an adjoint representation of SU(2Nf ) of dimension 4N2f − 1, to yield
a total of 8N2f − 2Nf − 1, which is the 2-index antisymmetric of Sp(4Nf ). In the
Nf = 2 case, the antisymmetric of Sp(8) decomposes as 27 = 15 + 6C in terms of
SU(4), and the 15 is missing.)
• The SU(2nf )/SO(2nf ) cosets can emerge, at T = 0, from theories with real represen-
tations, for example the Sp(2N) gauge theories with nf Dirac fermions transforming
as the 2-index antisymmetric representation. At high temperatures, the restoration
of the symmetry is expected to be followed by its enhancement to a global SO(4nf ).
For example, if nf = 3, in the spin-1 flavoured sector the 15 v, 15 t and 15 at mesons
sourced by the operators in Table 4 will be degenerate with the 20′ av mesons. In
addition, a flavour-singlet vector will also be degenerate, and together will yield the
66-dimensional antisymmetric (adjoint) representation of SO(12), with spin J = 1.
In the spin J = 0 sector, the 20′ ps and 20′ s mesons, together with the 1 + 1 fla-
vor singlets form the 21C representation of SU(6), (It would require an additional
35, the adjoint of SU(6), to make the 2-index symmetric traceless 77-dimensional
representation of SO(12).)
F Bilinear operators as sources
We collect in this Appendix technical clarifications about gauge invariant operators OM ,
written in terms of the 4-component fermions Q and Ψ, to be used as sources in the
lattice calculations of the spectrum of composite states. We consider the Sp(2N) gauge
theory, without specifying N . When possible, we also write our expression in a form that
applies to Sp(2Nf ) and SO(2nf ) groups with generalNf fundamental and nf antisymmetric
Dirac fermions. For concreteness, in Appendix F.1 we explicitly identify the irreducible
representations of the unbroken global Sp(4) group of relevance in the context of CHMs,
as well as their SU(2)L × SU(2)R decompositions.
In the case of Nf Dirac spinors transforming in the fundamental representation of the
gauge group Sp(2N), the fermion bilinear operators are written as in terms of Nf × Nf
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block matrices, built from the Nf Dirac fermions
Qi a =
(
qi a
−Ωab(C˜qNf+i ∗)b
)
, (F.1)
and, following the same lines leading to Eqs. (A.12), their conjugate Dirac fermion as
Qi aC ≡ −γ5ΩabC(Qi
T
)b = −γ5ΩabCγ0(Qi∗)b =
(
qNf+i a
−Ωab(C˜qi ∗)b
)
. (F.2)
Notice a difference, with respect to the definition leading to Eq. (A.12), in how we define the
conjugate spinor: the factor of −γ5Ωab is introduced, in order to make the decomposition
in LH and RH chiral components of Q and QC take the same form. We stress that QiC is
physically equivalent to Qi, and hence one can identify the Nf Dirac fermions with Qi.
We write explicitly the form of the general 2Nf × 2Nf matrices built as bilinears in
spinors, both in 2-component and 4-component notation, which read:
J0 =

Qi aC PLQ
j a Qi aC PLQ
j a
C
Qi aPLQ
j a Qi aPLQ
j a
C
 = Ωab

qi aTC˜qj b qi aTC˜qNf+j b
qNf+i aTC˜qj b qNf+i aTC˜qNf+j b
 , (F.3)
Jµ1 =

Qi aγµPLQ
j a Qi aγµPLQ
j a
C
Qi aC γ
µPLQ
j a Qi aC γ
µPLQ
j a
C
 =

qi a †σ¯µqj a qi a †σ¯µqNf+j a
qNf+i a †σ¯µqj a qNf+i a †σ¯µqNf+j a
 , (F.4)
and
Jµν1′ =

Qi aC σ
µνPLQ
j a Qi aC σ
µνPLQ
j a
C
Qi aσµνPLQ
j a Qi aσµνPLQ
j a
C
 = (F.5)
= Ωab

qi aTC˜σµνLLq
j b qi aTC˜σµνLLq
Nf+j b
qNf+i aTC˜σµνLLq
j b qNf+i aTC˜σµνLLq
Nf+j b
 .
The symplectic matrix Ω2Nf is defined as a 2Nf ×2Nf antisymmetric matrix such that
(Ω2Nf )
2 = −12Nf . Because of the contraction with Ωab, J0 is antisymmetric. This bilinear
condenses, and hence the unbroken subgroup is Sp(2Nf ). The decomposition of J0, J
µ
1 and
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Jµν1′ in their irreducible representations is 2Nf⊗2Nf = [Nf (2Nf − 1)− 1]⊕1⊕Nf (2Nf+1):
J0,1,1′ =
[
1
2
(
J0,1,1′ − (J0,1,1′)T
)
+
Ω2Nf
2Nf
Tr
{
Ω2NfJ0,1,1′
}]− Ω2Nf
2Nf
Tr
{
Ω2NfJ0,1,1′
}
+
+
1
2
(
J0,1,1′ + (J0,1,1′)
T
) ≡ J (A)0,1,1′ + J (1)0,1,1′ + J (S)1,1′ . (F.6)
We highlighted here the fact that the symmetric part of J0 vanishes identically. Notice
also that the singlets are antisymmetric. Both the J1 and J1′ decompose into symmet-
ric and antisymmetric parts, the latter expected to be related to heavier states. For the
SU(2Nf )/Sp(2Nf ) coset the operators in Table 4 are identified as follows:
OPS = J (A)0 , OV = J (S)1 , OAV = J (A)1 , OT = J (S)1′ , (F.7)
with the OS and OAT operators being the U(1)A conjugates of OPS and OT, respectively.
With matter content including nf Dirac fermions in the antisymmetric representation
of Sp(2N) (for N > 1) we introduce the analogous j0,1,1′ operators built from the fermions
Ψi ab =
(
ψi ab
−ΩacΩbd(C˜ψnf+i ∗)cd
)
, (F.8)
with i = 1 , · · · , nf , together with their conjugates
Ψi abC ≡ ΩacΩbdC(Ψi
T
) cd ≡ ΩacΩbdCγ0(Ψi∗)cd =
(
ψnf+i ab
−ΩacΩbd(C˜ψi ∗)cd
)
. (F.9)
We conventionally align the vacuum with the matrix ω2nf , the 2nf × 2nf symmetric ma-
trix such that (ω2nf )
2 = 12nf , generalising Eq. (2.5). We decompose j0,1,1′ in irreducible
representations as 2nf ⊗ 2nf = [nf (2nf + 1)− 1]⊕ 1⊕ nf (2nf − 1):
j0,1,1′ =
[
1
2
(
j0,1,1′ + (j0,1,1′)
T
)− ω2nf
2nf
Tr
{
ω2nf j0,1,1′
}]
+
ω2nf
2nj
Tr
{
ω2nf j0,1,1′
}
+
+
1
2
(
j0,1,1′ − (j0,1,1′)T
) ≡ j(S)0,1,1′ + j(1)0,1,1′ + j(A)1,1′ . (F.10)
We highlighted the fact that the antisymmetric part of j0 vanishes. In this case, the singlets
are symmetric matrices.
We write these operators in nf × nf blocks as matrix representations of the global
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SU(2nf ) symmetry:
j0 =

Ψi abC PLΨ
j ab Ψi abC PLΨ
j ab
C
Ψi abPLΨ
j ab Ψi abPLΨ
j ab
C
 =
= ΩacΩbd

ψi abTC˜ψj cd ψi abTC˜ψnf+j cd
ψnf+i abTC˜ψj cd ψnf+i abTC˜ψnf+j cd
 , (F.11)
jµ1 =

Ψi abγµPLΨ
j ab Ψi abγµPLΨ
j ab
C
Ψi abC γ
µPLΨ
j ab Ψi abC γ
µPLΨ
j ab
C )
 =
=

ψi ab †σ¯µψj ab ψi ab †σ¯µψnf+j ab
ψnf+i ab †σ¯µψj ab ψnf+i ab †σ¯µψnf+j ab
 , (F.12)
and
jµν1′ =

Ψi abC σ
µνPLΨ
j ab Ψi abC σ
µνPLΨ
j ab
C
Ψi abσµνPLΨ
j ab Ψi abσµνPLΨ
j ab
C
 =
= ΩacΩbd

ψi abTC˜σµνLLψ
j cd ψi abTC˜σµνLLψ
nf+j cd
ψnf+i abTC˜σµνLLψ
j cd ψnf+i abTC˜σµνLLψ
nf+j cd
 . (F.13)
In the SU(2nf )/SO(2nf ) case, the operators in Table 4 are identified as follows:
Ops = j(S)0 , Ov = j(A)1 , Oav = j(S)1 , Ot = j(A)1′ . (F.14)
Again, Os and Oat operators are the U(1)A conjugates of Ops and Ot, respectively.
As explained also in Appendix E, operators J0 that source spin-0 states, and operators
J1 sourcing spin-1 states can be classified in terms of the original global SU(2Nf ) (enlarged)
symmetry, according to which the former transform as 2Nf ⊗ 2Nf = [Nf (2Nf − 1)] ⊕
– 59 –
[Nf (2Nf + 1)], and the latter as 2Nf ⊗ 2Nf = 1 ⊕
[
4N2f − 1
]
of SU(2Nf ). Only once
the SU(2Nf ) is broken to its Sp(2Nf ) group, J0 and J1 decompose in the same set of
irreducible representations of the subgroup. Similarly, operators J1′ couple LH to RH
components of the Dirac fields, and hence while they source particles with the same spin as
J1, they transform under SU(2Nf ) in the same way as J0. Once the symmetry is broken,
mixing between the particles sourced by J1 and J1′ will ensue, but in general these are
different sources for different SU(2Nf ) particles. The same considerations apply to the
j0,1,1′ operators, and their decompositions in irreducible representations of the SO(2nf )
subgroup.
One can now explicitly decompose the matrices J0,1,1′ (and j0,1,1′) into a given basis of
the U(Nf ) (and U(nf )), by making a choice of generators TA (and tB) of the group. We
devote the next subsection to showing the result of this process in the SU(4)/Sp(4) case,
for some of the interesting operators.
F.1 SU(4)/Sp(4) composite operators
We focus on the Sp(2N) theory with Nf = 2 fundamental fermions, and its SU(4)/Sp(4)
coset, which is relevant in the CHM context (see also the discussion in [55]).
The pions in Eq. (C.3) are sourced by the antisymmetric OPS = J (A)0 operators. We
can add to the Lagrangian density in Eq. (2.16) the following source term:
Lpi =
√
2f
2
Tr [J0Σ
∗ + h.c.] , (F.15)
where Σ = e
2ipi
f Ω is the antisymmetric matrix defined in Eq. (2.12). We can expand for
small pi/f , and make use of the antisymmetry in flavour space of J0. We make explicit use
of the generators as written in Eq. (B.4) of Ref. [50]. Looking at the decomposition of the
5 according to SO(4) ∼ SU(2)L × SU(2)R ⊂ Sp(4), we find that the SO(4)-singlet pi3 is
sourced by the operator OPS,3 ≡ i δLpi/δpi3 that reads:
OPS,3 = i
2
(
iJ130 − iJ310 − iJ240 + iJ420 + c.c.
)
=
(
Q1 aγ5Q1 a −Q2 aγ5Q2 a
)
, (F.16)
where we made abundant use of Eqs. (A.13). The 4 of SO(4) are sourced by the following
operators OPS,A ≡ i δLpi/δpiA given by:9
OPS,1 = i
2
(
+ iJ140 − iJ410 + iJ230 − iJ320 + c.c.
)
=
(
Q1 aγ5Q2 a +Q2 aγ5Q1 a
)
,
OPS,2 = i
2
(
− J140 + J410 + J230 − J320 + c.c.
)
=
(
−iQ1 aγ5Q2 a + iQ2 aγ5Q1 a
)
,
OPS,4 = i
2
(
+ J120 − J210 − J340 + J430 + c.c.
)
= −i
(
Q1 aQ2 aC +Q
2 a
C Q
1 a
)
, (F.17)
OPS,5 = i
2
(
− iJ120 + iJ210 − iJ340 + iJ430 + c.c.
)
= i
(
−iQ1 aQ2 aC + iQ2 aC Q1 a
)
.
9We remind the Reader that the sources for pi1, pi2 and pi3 would be the same sources as for the
coset SU(2)L × SU(2)R/SU(2)V . The additional pions are due to the symmetry enhancement in replacing
SU(2N) with Sp(2N) as the gauge group.
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The additional operator given by
OPS,0 ≡ −1
2
(
J130 + J
24
0 − J310 − J420 + c.c
)
=
(
Q1 aQ1 a +Q2 aQ2 a
)
(F.18)
is aligned along Ω, in the internal space. It is the operator that develops a non-trivial VEV.
It sources the Sp(4) singlet, which has the same role as the f0(500) of QCD (see Table 20).
Notice that these 6 operators put together transform as the antisymmetric representation of
the global SU(4), before the decomposition in Sp(4) irreducible representations as 6 = 1+5.
Six additional operators OS,i can be obtained by replacing 14 → iγ5 from the operators
OPS,i for i = 0 , · · · , 5. Such operators are related to the former by the (anomalous) global
U(1)A ∼ O(2) symmetry. (In QCD, the U(1)A partners of the pi and f0(500) particles are,
respectively, the a0 and η/η′ particles.)
The sources of the spin-1 fields are given in terms of the operators in Jµ1 . In Sec. 2.3
we introduced the fields Aµ =
∑15
A=1A
A
µT
i (we drop here the subscript 6), with TA the
hermitian generators of SU(4) normalised as TrTATB = 12δ
AB. As in Ref. [50], it is
convenient to label the broken generators with A = 1 , · · · , 5, and the unbroken ones with
A = 6 , · · · , 15. We hence add to the Lagrangian density the following source term:
LA =
√
2Tr
[
Jµ1 A
T
µ
]
+ h.c. . (F.19)
Starting from the AV sources, we find that O µAV,A ≡ δLAδAAµ are given by the following
O µAV,1 =
1
2
(
J121 + J
21
1 + J
34
1 + J
43
1 + c.c.
)
= Q1 aγµγ5Q2 a + Q2 aγµγ5Q1 a ,
O µAV,2 =
1
2
(
− iJ121 + i J211 + i J341 − i J431 + c.c.
)
= −iQ1 aγµγ5Q2 a + iQ2 aγµγ5Q1 a ,
O µAV,3 =
1
2
(
J111 − J221 + J331 − J441 + c.c.
)
= Q1 aγµγ5Q1 a − Q2 aγµγ5Q2 a , (F.20)
O µAV,4 =
1
2
(
− iJ141 + i J231 − i J321 + i J411 + c.c.
)
= −iQ1γµQ2C + iQ2CγµQ1 ,
O µAV,5 =
1
2
(
J141 − J231 − J321 + J411 + c.c.
)
= Q1γµQ2C + Q
2
Cγ
µQ1 ,
where we used relations such as Q2 aγµPLQ1 aC = (Q2 aγ
µPLQ
1 a
C )
T = −Q1 aγµPRQ2 aC , or
Q1 aC γ
µPLQ
2 a
C = (Q
1 a
C γ
µPLQ
2 a
C )
T = −Q2 aγµPRQ1 a, and (Q2 aγµPLQ1 aC )† = Q1 aC γµPLQ2 a.
It hence turns out that the SO(5) fundamental 5 decomposes as 4 + 1 of SO(4), with the
singlet being sourced by O µAV,3, while the 4 is sourced by O µAV,1, O µAV,2, O µAV,4 and O µAV,5.
For completeness, O µAV,1, O µAV,2 and and O µAV,3 would be the generators that are used in
the SU(2)L × SU(2)R/SU(2)V coset.
Similar expressions hold for the ten operators sourcing the V mesons. We adopt the
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same basis as in Ref. [50], and within these conventions we find the following:
O µV,6 =
1
2
(
− i J131 − i J241 + iJ311 + i J421 + c.c.
)
=
= − i
2
(
Q1 aγµγ5Q1 aC + Q
2 aγµγ5Q2 aC − Q1 aC γµγ5Q1 a − Q2 aC γµγ5Q2 a
)
,
O µV,7 =
1
2
(
− i J141 − i J231 + i J321 + i J411 + c.c.
)
=
= − i
2
(
Q1 aγµγ5Q2 aC + Q
2 aγµγ5Q1 aC − Q1 aC γµγ5Q2 a − Q2 aC γµγ5Q1 a
)
,
O µV,8 =
1
2
(
− i J121 − i J341 + i J211 + i J431 + c.c.
)
= −iQ1 aγµQ2 a + iQ2 aγµQ1 a ,
O µV,9 =
1
2
(
− i J131 + i J241 + i J311 − i J421 + c.c.
)
=
= − i
2
(
Q1 aγµγ5Q1 aC − Q2 aγµγ5Q2 aC − Q1 aC γµγ5Q1 a + Q2 aC γµγ5Q2 a
)
,
O µV,10 =
√
2
2
(
J131 + J
31
1 + c.c.
)
=
√
2
2
(
Q1 aγµγ5Q1 aC + Q
1 a
C γ
µγ5Q1 a
)
, (F.21)
O µV,11 =
1
2
(
J141 + J
23
1 + J
32
1 + J
41
1 + c.c.
)
=
= +
1
2
(
Q1 aγµγ5Q2 aC + Q
2 aγµγ5Q1 aC + Q
1 a
C γ
µγ5Q2 a + Q2 aC γ
µγ5Q1 a
)
,
O µV,12 =
√
2
2
(
J241 + J
42
1 + c.c.
)
=
√
2
2
(
Q2 aγµγ5Q2 aC + Q
2 a
C γ
µγ5Q2 a
)
,
O µV,13 =
1
2
(
J121 − J341 + J211 − J431 + c.c.
)
= Q1 aγµQ2 a + Q2 aγµQ1 a ,
O µV,14 =
1
2
(
J111 − J221 − J331 + J441 + c.c.
)
= Q1 aγµQ1 a − Q2 aγµQ2 a ,
O µV,15 =
1
2
(
J111 + J
22
1 − J331 − J441 + c.c.
)
= Q1 aγµQ1 a + Q2 aγµQ2 a .
The SO(5) adjoint 10 decomposes as 4+6 of SO(4): the fundamental 4 is sourced by O µV,7,
O µV,8, O µV,11 and O µV,13, with the adjoint 6 sourced by the other six operators. Again, for
completeness, O µV,8, O µV,13 and O µV,14 would be the unbroken generators in the SU(2)L ×
SU(2)R/SU(2)V coset, corresponding to the ρ mesons in QCD, in which case O µV,15 would
be associated with baryon number and would source the ω/φ in QCD.
We can introduce an additional vector field A0µ, to complete the adjoint SU(4) to the
adjoint of the whole U(1)×SU(4), by adding the generator T 0 = 1
2
√
2
14. We hence identify
the additional operator
O µV,0 ≡
1
2
(
J111 + J
22
1 + J
33
1 + J
44
1 + c.c.
)
= Q1 aγµγ5Q1 a + Q2 aγµγ5Q2 a. (F.22)
One can recognise this operator to be aligned with the generator of the anomalous U(1)A.
It sources the equivalent of the f1(1285) of QCD (see Table 20).
These 16 operators do not have a U(1)A partner. But a second set of sources of spin-1
states T is built from J (S)1′ states, with the σ
µν tensor. Their U(1)A partners (corresponding
to the more exotic states b1 and h1/h′1 mesons of QCD) are sourced by operators AT
involving the tensor σµνγ5 (see also [55]). We do not show this explicitly, as it requires
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performing again the same exercise illustrated in the previous pages. Sourcing even more
exotic states such as pi1 may require using derivatives and non-local operators [130], which
is beyond our current purposes.
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